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1 Introduction

1.1 Scientific Objectives of Longitudinal Studies

In biomedical studies interests are often focused on evaluating the effects of treatments, med-
ication dosage, risk factors or other biological or environmental covariates on the outcomes
of interest, such as disease progression and change of health status, over time. Because the
changes of outcomes and covariates over time within each subject usually provide important
information of scientific relevance, longitudinal samples that contain repeated measurements
of the subjects over time are often more preferable than the classical cross-sectional sam-
ples. By combining the characteristics of random sampling and time series observations,
the usefulness of longitudinal samples goes far beyond biomedical studies, and their trace is
often found in economics, psychology, sociology and many other fields of natural and social
sciences.

In general, there are two main approaches for obtaining longitudinal observations in
biomedical studies: (a) clinical trials with repeated measurements, and (b) epidemiological
studies, which are often referred as observational cohort studies. The main difference be-

tween a clinical trial and an observational cohort study is at their designs. In a clinical trial,



the selection of subjects, randomized study treatments, length of the trial period, visiting
times and methods of the measurement process are determined by the study investigators,
although, in some occasions, non-randomized concomitant treatments or interventions may
also be given to some subjects due to ethical and logistical reasons. An observational cohort
study, on the other hand, is more complicated, because the risk factors, treatments and the
measurement process depend on the participants of the study and are not controlled by the
investigators.

In a longitudinal clinical trial, the main scientific objective is to evaluate the efficacy
of the experimental treatments versus placebo or standard treatment on the primary out-
comes, such as certain health status indicators, over time during the trial period. In many
situations, a follow-up period is added at the end of the treatment period, so that time-
to-event variables, such as time to hospitalization or death, may be included as a primary
outcome in addition to the repeatedly measured health outcomes. In a particular analysis,
the trial period may be defined based on the objectives of the analysis. For example, if the
objective is to evaluate the treatment effects on the time-trend of a health indicator within
the treatment period, it is appropriate to consider the treatment period as the trial period.
On the other hand, if it is also of interest to consider certain time-to-event variables beyond
the treatment period, it is then appropriate to include both the treatment period and the
follow-up period into the trial period. Effects of the study treatments may be evaluated
through the conditional means, conditional distributions or conditional quantiles of the
outcome variables. Although regression models based on conditional means of the outcome
variables are by far the most popular methods used in the analysis of longitudinal clinical
trials, regression methods based on conditional distributions or conditional quantiles are
often valuable statistical tools in situations when the outcome variables have highly skewed
or other distributions that are not easily approximated by normality. In addition to the
evaluation of randomized study treatments, an important secondary objective is to evaluate
the effects of concomitant interventions or other covariates on the time-varying trends of
the outcome variables. Regression analyses involving covariates other than the randomized
study treatments are often useful for evaluating treatment-covariate interactions or identi-
fying sub-groups of patient populations to whom the experimental treatments are effective.

In a longitudinal observational cohort study, there are no randomized experimental

treatments to be tested, and the main objective is to evaluate the potential associations



of various covariates, such as demographic and environmental factors, with the outcome
variables of interest and their trends over time. Observational cohort studies are often
used for the purpose of data exploration, so that more specific scientific hypotheses may be
generated and tested in a future properly designed clinical trial. Because the variables are
repeatedly measured over time, long-term longitudinal observational cohort studies are use-
ful for understanding the natural progression of certain diseases both on a population-wide
level and for certain subsets of subjects. In practice, an observational cohort study usually
involves a large number of subjects with sufficient numbers of repeated measurements over
time, so that novel findings with adequate statistical accuracy can be obtained from the
study. Similar to longitudinal clinical trials, the choices of statistical approaches for the
analysis of data from observational cohort studies depend on the scientific objectives, and

may involve regression models for the conditional means and conditional distributions.

1.2 Structures of Longitudinal Data

For a typical framework of longitudinal data, we define ¢ to be a real-valued variable of
time, Y () a real-valued outcome variable and X(t) = (X©O@), ..., XE N K > 1, a
RE+1valued covariate vector at time t. Depending on the choice of origin, the time variable
t is not necessarily non-negative. As part of the general methodology, interest of statistical
analysis with regression models is often focused on modeling and determining the effects of
{t,X(t)} on the population means, subject-specific deviations from the population means,
conditional distributions or conditional quantiles of Y (¢). For n randomly selected subjects
and each subject repeatedly measured over time, the longitudinal sample of {Y'(¢), ¢, X(¢)} is
denoted by {(Yi;, tij, Xi5);i=1,...,n, j =1,...,n;}, where t;; is the jth measurement time

of the ith subject, Y;; and X;; = (X(O)

DW\T .
i ree 'sz‘(j )) are the observed outcome and covariate

vector, respectively, of the ith subject at time ¢;;, and n; is the 7th subject’s number of
repeated measurements. The total number of measurements for the study is N = > ;" n;.
In contrast to the independent identically distributed (i.i.d.) samples in classical cross-
sectional studies, the measurements within each subject are possibly correlated, although
the inter-subject measurements are assumed to be independent.

A longitudinal sample is said to have a balanced design if all the subjects have their
measurements made at a common set of time points, i.e. n; = m for some m > 1 and all

t=1,...,nand t;; = --- = t,; for all j = 1,...,m. An unbalanced design arises if the



design time points t; = {t;;;1 < j < n;} are different for different subjects. In practice,
unbalanced designs may be caused by the presence of missing observations in an otherwise
balanced design or by the random variations of the time design points. In long-term clinical
trials or epidemiological studies, study subjects are often assigned to a set of prespecified
“design visiting times”, but their actual visiting times could be different from the “design
visiting times” because of missing visits or changing visiting times due to various reasons. It
is possible to observe balanced longitudinal data from a well-controlled longitudinal clinical
trial, because the randomized study treatments and clinical visiting times are determined
by the study investigators. However, for various reasons that are out of the investigators’

control, most observational cohort studies have unbalanced longitudinal designs.

1.3 Examples of Longitudinal Studies

These real-life examples, three epidemiological studies and a longitudinal clinical trial, illus-
trate some typical features and scientific objectives of longitudinal studies. Although these
examples share some similarities in study designs, they have different data structures and

objectives.

Example 1. Alabama Small-for-Gestational-Age Study (ASGA)

This is a prospective study of risk factors and intrauterine growth retardation involving
1475 women who had their fetal anthropometry measurements made by ultrasound repeat-
edly during pregnancy. All women were scheduled to have their measurements made at
approximately 17, 25, 31 and 36 weeks of gestation. In the dataset, however, their actual
clinical visit times do not exactly follow this schedule and are scattered between 12 to 43
weeks of gestation. The numbers of visits range between 1 and 7 during pregnancy. This
results in an unbalanced design that not all the subjects have measurements at the same
time design points. Associated covariates that may affect fetal development include mater-
nal behavioral factors, such as cigarette smoking, alcohol consumption and drug abuse, and
maternal anthropometric measurements, such as pre-pregnancy weight, height and body
mass index, and placental development measured by placental thickness at different stages
of gestation. Some of these covariates, such as the maternal anthropometric measurements
are time-dependent. But, the others, such as maternal behavioral factors, may be either
time-dependent or time-invariant, depending on how these variables are defined in an anal-

ysis. The outcome variables of fetal development, which, of course, are all time-dependent,



include fetal abdominal circumference, biparietal diameter, femur length and other ultra-

sound measurements.

Figure 1: Relationship between fetal abdominal circumference (in centimeters) and
fetal gestation (in weeks). Left Panel: individual measurement; Right Panel: se-
quences of measurements for some randomly selected subjects.
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Figure 1 shows the observed fetal abdominal circumferences (in centimeters) at their
corresponding gestational age in weeks. To see the temporal trend of the individual repeated
measurements, the line segments indicate the measurement sequences for three randomly
selected subjects. Heuristically, we observe a linear upward trend on the growth of fetal size.
But, there has been no prior study which justifies the goodness of a linear growth model
for this population or any other statistical model on the covariate effects on fetal growth.
A statistical analysis should then focus on two objectives: establishing an appropriate
statistical model so that the effects of these covariates on the outcome of interest can be
clearly interpreted; developing estimation and inference procedures to adequately quantify

the covariate effects based on the chosen statistical models. O

Example 2. Baltimore Multicenter AIDS Cohort Study (BMACS)
This dataset is from the Baltimore site of the Multicenter AIDS Cohort Study (MACS),

and includes 400 homosexual men who were infected by the human immunodeficiency virus



(HIV) between 1984 and 1991. Because CD4 cells (T-helper lymphocytes) are vital for im-
mune function, an important component of the study is to evaluate the effects of risk factors,
such as cigarette smoking and drug use, and health status, such as CD4 cell levels before
the infection, on the post-infection depletion of CD4 percent (CD4 percent of lymphocyte
cells). Although all the individuals were scheduled to have their measurements made at
semi-annual visits, the study has an unbalanced design because the subjects’ actual visiting
times did not exactly follow the schedule and the HIV infections happened randomly during
the study. The numbers of repeated measurements range from 1 to 14 with a median of
approximately 6. Compared with the ASGA Study of Example 1, this dataset has a smaller
number of subjects and a wider range of repeated measurements. The covariates of interest
in these data also include both time-dependent and time-invariant variables. Further details
of the statistical design and scientific importance of the MACS data can be found in Kaslow

et al. (1987). O

Example 3. National Growth and Health Study (NGHS)

This is a 3-center population-based cohort study, which has a total of 2379 girls, among
them 1213 (51%) African-Americans and 1166 (49%) Caucasians, who were 9 or 10 years
old at enrollment and had their height, weight, blood pressure (BP) and other anthropo-
metric and laboratory measurements recorded once a year until they reached 19 years old.
The main objective of the study is to evaluate the patterns of obesity and cardiovascular
risks during childhood and adolescence. The three centers, University of California, Berke-
ley, University of Cincinnati/Cincinnati Children’s Hospital Medical Center, and Westat,
Rockville, Maryland, were selected on the basis of census tract data to include a wide dis-
tribution of household income and parental education within each race. Observations were
collected at clinical centers or home visits between 1986 and 1997 based on a standard
protocol (NGHSRG, 1992), which contained the scientific objectives, justifications, study
design and methods of measurements.

Major findings of the study have been reported, for example, in Daniels et al. (1998),
Kimm et al. (2000, 2001, 2002), Thompson et al. (2007) and Obarzanek et al. (2010).
Among these results, Daniels et al. (1998) studied the longitudinal mean effects of race,
height and body mass index (BMI, measured in kg/m?) on the levels of systolic blood pres-
sure (SBP) and diastolic blood pressure (DBP). Kimm et al. (2000, 2001, 2002) studied



the effects of race on obesity, and the relationship between the changes in physical ac-
tivity and BMI. Thompson et al. (2007) investigated the associations between childhood
overweight and cardiovascular disease risk factors such as hypertension and unhealthy lev-
els of low-density lipoprotein cholesterol (LDL) and triglyceride (TG), and Obarzanek et
al. (2010) investigated the effects of race, obesity, and a range of socioeconomical and
nutritional variables on the prevalence and incidence rates of hypertension and prehyper-
tension as defined in NHBPEP Working Group (2004). The statistical methods used by
these authors depend on summarizing the effects of childhood obesity and other variables
on the cardiovascular risk variables through their conditional-means or the probabilities of
unhealthy risk levels specified by certain threshold values. Although these results present
some useful snapshots of the harmful effects of childhood obesity on cardiovascular risks, a
further question is whether similar associations between childhood obesity and cardiovascu-
lar risks still hold if other definitions of unhealthy risk levels are used. It is desirable to have
a flexible conditional-distribution based regression method so that the covariate effects on
the entire distribution of a risk variable are described. This study gives a typical example
that motivates the development of longitudinal estimation and inference methods based on
conditional distributions and conditional quantiles, instead of the usual regression methods

based on conditional means. O

Example 4. Enhancing Recovery in Coronary Heart Disease (ENRICHD) Study

This study is a randomized clinical trial that evaluated the efficacy of a cognitive
behavior therapy (CBT) versus usual cardiological care (UC) on survival and depression
severity in 2481 patients who had depression and/or low perceived social support after
acute myocardial infarction. Details of the study design, objectives, and major findings
of the trial have been described in ENRICHD (2001, 2003). The primary objective of the
study is to determine whether mortality and recurrent myocardial infraction are reduced by
treatment of depression and low perceived social support with cognitive behavior therapy,
supplemented with the use of selective serotonin reuptake inhibitor (SSRI) or other antide-
pressants as needed, in patients enrolled within 28 days after myocardial infarction (MI).
The intervention of the trial consists of cognitive behavior therapy initiated at a median of
17 days after the index of MI for a median of 11 individual sessions throughout 6 months.

Depression severity was measured by Hamilton Rating Scale for Depression (HRSD) and



Beck Depression Inventory (BDI) with higher HRSD and BDI scores indicating worsened
depression severity. Group therapy was conducted when feasible, with antidepressants, such
as SSRIs, as a pharmacotherapy for patients scoring higher than 24 on the HRSD or having
a less than 50% reduction in BDI scores after 5 weeks. Antidepressants were also prescribed
at the requests of the patients or their primary-care physicians, therefore, could be treated
as a concomitant treatment in addition to the randomized CBT psychosocial treatment or
usual cardiological care specified in the trial design. The main outcome measures consist of
a composite primary end point of death or recurrent MI, and secondary outcomes includ-
ing change in HRSD and BDI for depression or the ENRICHD Social Support Instrument
scores for low perceived social support at 6 months (ENRICHD, 2001 and 2003).

In addition to the primary objective of the trial, an important question of secondary
objective is whether the use of antidepressants has added benefits for reducing mortality
and recurrent MI and lowering the BDI scores for this patient population. To evaluate
the effects of pharmacotherapy with the use of antidepressants, Taylor et al. (2005) com-
pared the survival rates for death and cardiovascular morbidity and mortality among 1834
depressed patients in this trial and found that the use of SSRIs seemed to reduce subse-
quent cardiovascular morbidity and mortality. Bang and Robins (2005) analyzed the same
data but only with a cross-sectional component. By treating the patient’s starting time
of pharmacotherapy as a subject-specific “change-point time” and evaluating the effects
of pharmacotherapy on the patient’s BDI scores over time using different model patterns
before and after the “change-point”, Wu, Tian and Bang (2008) and Wu, Tian and Jiang
(2011) showed that the use of SSRIs was beneficial for lowering the patient’s depression
severity measured by the BDI scores.

This study is used throughout Section 5 as a motivating example for the development
of appropriate regression models and their estimation and inference procedures for situa-
tions when some of the time-dependent covariates are adaptive depending on the outcome
trajectories at previous time points. In such situations, where some time-dependent covari-
ates are adaptive to the previous outcome trajectories, the commonly used parametric or
nonparametric mixed-effects models may be misspecified and lead to biased and erroneous

conclusions. O



1.4 Regression Models for Longitudinal Analysis
Generally speaking, a proper longitudinal analysis should achieve at least three objectives:

(1) The model under consideration must give an adequate description of the scientific
relevance of the data and be sufficiently simple and flexible to be practically imple-
mented. In biomedical studies, an appropriate regression model should give a clear

and meaningful biological interpretation and also has a simple mathematical structure.

(2) The methodology must contain proper model diagnostic tools to evaluate the validity
of a statistical model for a given data set. Two important diagnostic methods are

confidence regions and tests of statistical hypotheses.

(3) The methodology must have appropriate theoretical and practical properties, and can
adequately handle the possible intra-subject correlations of the data. In practice, the
intra-subject correlations are often completely unknown and difficult to be adequately
estimated, so that it is generally preferred to use estimation and inference procedures

that do not depend on modeling the specific correlation structures.

1.4.1 Parametric Models

Naturally, the most commonly used approach in longitudinal analysis is through parametric
regression models, such as the generalized linear and nonlinear mixed-effects models. The

simplest case of these models is the marginal linear model of the form

zm +eilti), (1.1)

where g, . .., Ok are constant linear coefficients describing the effects of the corresponding
covariates, €;(t) are realizations of a mean zero stochastic process €(t) at ¢ and X;; and
€i(tij) are independent. Similar to all regression models where a constant intercept term is
desired, we set X(© = 1, which produces a baseline coefficient (3, representing the mean
value of Y'(t) when all the covariates X ()(t) are set to zero. A popular special case of
the error process is to take €(t) to be a mean zero Gaussian stationary process. Although
(1.1) appears to be overly simplified for many practical situations, its generalizations lead
to many useful models which form the bulk of longitudinal analysis.

Estimation and inference methods based on parametric models, including the weighted

least squares, the quasi-likelihoods and the generalized estimating equations, have been



extensively investigated in the literature. The details can be found, for example, in Laird
and Ware (1982), Pantula and Pollock (1985), Ware (1985), Liang and Zeger (1986), Diggle
(1988), Zeger, Liang and Albert (1988), Jones and Ackerson (1990), Jones and Boadi-
Boteng (1991), Davidian and Giltinan (1995), Vonesh and Chinchilli (1997), Verbeke and
Molenberghs (2000) and Diggle, Heagerty, Liang and Zeger (2002). The main advantage
of parametric models is that they generally have simple and intuitive interpretations. User
friendly computer programs are already available in most popular statistical software pack-
ages, such as SAS, STATA and R. However, these models suffer the potential shortfall of
model misspecification, which may lead to erroneous conclusions. At least in exploratory

studies, it is necessary to relax some of the parametric restrictions.

1.4.2 Semiparametric Models

A useful semiparametric model, investigated by Zeger and Diggle (1994) and Moyeed and
Diggle (1994), is the partially linear model of the form

K
Yij = folti) + 3 BX + iltiy), (1.2)
=1

where [y(t) is an unknown smooth function of ¢, ; are unknown constants and ¢;(t) and
X; are defined in (1.1). This model is more general than the marginal linear model (1.1),
because [y(t) is allowed to change with ¢, rather than setting to be a constant over time.
On the other hand, by including the linear terms of X Z(;), (1.2) is also more general than the
nonparametric regression studied by Hart and Wehrly (1986), Altman (1990), Hart (1991),
Rice and Silverman (1991), among others, which involves only (¢;;, Y;;). However, because
(1.2) describes the effects of Xi(jl») on Y;; through constant linear coefficients, this model is
still, to some degree, based on mathematical convenience rather than scientific relevance.
For example, there is no reason to expect that the influences of maternal risk factors on
fetal development in the ASGA Study or the effects of cigarette smoking and pre-infection
CD4 level on the post-infection CD4 cell percent in the HIV/CD4 Depletion Data are linear
and constant throughout the study period. Thus, further generalization of (1.2) is needed

in many situations.

1.4.3 Nonparametric Models

Although it is possible in principle to model {Yj;,t;;, X;;} through a completely nonpara-

metric high dimensional function, such approach is often impractical due to the well-known

10



problem of “curse of dimensionality”. Moreover, numerical results obtained from high di-
mensional nonparametric fittings are often difficult to interpret. These problems motivate
the consideration of nonparametric models that have certain meaningful structures. An im-
portant class of structural nonparametric regression models is the varying-coefficient models
of the form

Yij = X3;B(tij) + eiltiy), (1.3)

where 3(t) = (Bo(t), . . ., Bx(t))T is a (K + 1)-vector of smooth functions of ¢t and ¢;(¢) and
X; are defined as in (1.1). Because (1.3) gives a linear model between Y'(t) and X(t) at
each fixed t, the linear coefficients f;(t), =0, ..., K, can be interpreted the same way as
in (1.2). Taking XZ(jQ) = 1, fo(t) represents the intercept at time ¢. On the other hand,
because all the linear coefficients may change with ¢, we may obtain different linear models
at different time points. Model (1.3) is a special case of the general varying-coefficient
models discussed by Hastie and Tibshirani (1993).

Methods of estimation and inferences based on this class of models have been subjected
to intense investigation in the literature. A number of different smoothing methods for the
estimation of 3(t) have been proposed. These include the ordinary least squares local
polynomials, the penalized least squares, the two-step and componentwise methods and the
basis approximation approaches. Targeted to specific types of longitudinal designs, each of
these methods has its own advantages and disadvantages in practice. We will present in
Section 3.2 and Section 3.3 an overview of the above estimation and inference methods and

demonstrate in Section 3.4 the applications of these methods.

1.4.4 Regression Models for Conditional Distributions

In addition to the regression models described above, which are mostly based on modeling
the conditional means of the repeatedly measured outcome variables, regression models
based on conditional distributions are often used in longitudinal analysis when the response
variables are not normally distributed. Well-known approaches with non-Gaussian data,
such as the generalized linear models (e.g., Molenberghs and Verbeke, 2005), are often used
for discrete outcome variables or the discretized versions of continuous outcome variables
defined by some prespecified threshold values. In some situations when the outcome variable
has non-Gaussian conditional distributions, a known transformation, such as the Box-Cox

transformation, may be applied so that the conditional distribution of the transformed
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variable is approximately normal. In many situations, however, there are no appropriate
threshold values or transformations for the outcome variables being considered, and the
scientific objectives are better studied by directly modeling the conditional distributions.
Nonparametric estimation of conditional distribution functions for independent iden-
tically distributed data and certain time series samples without incorporating any mod-
eling structures has been studied by Hall, Wolff and Yao (1999) based on two kernel-
based smoothing methods, namely the local logistic estimation method and the adjusted
Nadaraya-Watson method. Since the estimation methods based on unstructured nonpara-
metric models could be numerically unstable when the number of covariates is large and
the corresponding results are often difficult to interpret, Wu, Tian and Yu (2010) proposed
a dimension-reduction strategy by extending the linear transformation modeling structures
studied by Cheng, Wei and Ying (1995, 1997) to longitudinal data, and studied a time-
varying linear transformation model with a two-step local polynomial method for the es-
timation of covariate effects and conditional distributions. As a result, the time-varying
transformation models proposed by Wu, Tian and Yu (2010) give a flexible and convenient
structural nonparametric framework for characterizing the conditional distributions of the
outcome variables, when the conditional-mean based regression models are insufficient for
the scientific objectives of the study. Applying this conditional-distribution based struc-
tural nonparametric modeling approach to the NGHS data of Example 3, the statistical
estimates, predictions and their inferences presented in Section 4 yield useful insights on

the temporal trends of blood pressure for children and adolescents.

2 An Overview of Parametric and Semiparametric Methods

2.1 Linear Mixed-Effects Models

As a popular regression approach for modeling the covariate effects on the longitudinal
outcome variables, the mixed-effects models generally serve two purposes: (i) describing
the effects of the treatments and other factors on the mean response profile; (ii) describing
the differences in response profiles between individuals. A regression model serving the
first purpose is generally classified as a marginal model or a population average model. A
regression model serving the second purpose is a random effects model or a subject specified
model (e.g. Zeger, Liang and Albert, 1988). A mixed effects model then combines both the

marginal and random effects. In particular, a linear mixed effects model is obtained when
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the marginal and random effects are additive and follow a linear relationship.

It is convenient to describe the model through a matrix representation. Let Y; =
(Yi1, ..., Yin,)T be the [n; x 1] vector of the response for the ith subject, t; = (t;1, ..., tin,)"
be the subject’s time design points and X; be the corresponding [n; x (k + 1)] covariate
matrix whose jth row, for j = 1,...,n;, is (1, Xi(jl), .. .,ngjk)). Assuming that the error term
€;(t) of (1.1) is a mean zero Gaussian process with covariate matrix V,(¢;), the responses

Y, are then independent Gaussian random vectors such that
Y~ N (X3, Vi(ti), (2.1)

where 8 = (B, ..., Bk)T with 3; being defined in (1.1) and N(a, b) denotes a multivariate
normal distribution with mean vector a and covariance matrix b. Note that, because (2.1)
represents the conditional mean of Y; at X; through X;4, it is a marginal model.

The covariance structures of (2.1) are usually influenced by three factors: random effect,
serial correlation and measurement error. The random effects characterize the stochastic
variations between subjects within the population. In particular, we may view that, when
the covariates affect the response linearly, some of the linear coefficients may vary from
subject to subject. The serial correlations are the results of time-varying associations be-
tween different measurements of the same subject. Such correlations are typically positive
in biomedical studies, and become weaker as the time interval between the measurements
increases. Finally, the measurement errors, which are normally assumed to be independent
both between and within the subjects, are induced by the measurement process or random
variations within the subjects.

Suppose that, for each subject i, there is a [r x 1] vector of explanatory variables Uj;
measured at time ¢;;, which may or may not overlap with the original covariate vector X;;.
Using the additive decomposition of random effects, serial correlations and measurement

errors, €;(t;;) can be expressed as
ei(tij) = Uljb + Witi;) + Zij, (2.2)

where b; is the [r x 1] random vector with multivariate normal distribution N(0,D), D
is a [r x r] covariate matrix with (p, ¢)th element d,; = dgp, Wi(t;;) for i = 1,...,n are
independent copies of a mean zero Gaussian process whose covariance at time points ¢;;, and

tij, is pw(tij,, tij,), and Z;; for i = 1,...,n and j = 1,...,n; are independent identically
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distributed random variables with N(0,72) distribution. Writing d;(¢;;) = Wi(tij) + Zij,
5 = (0;(tir), .- .,(5Z~(tmi))T and U; the [n; x 7] matrix whose jth row is U7, (2.1) and (2.2)

g
reduce to the linear mixed effects model of Laird and Ware (1982)

The marginal effect § represents the influence of X; on the population average of the
response profile, while b; describes the variation of the ith subject from the population
conditioning on the given explanatory variable U;. Thus, conditioning on X; and U, (2.3)

implies that Y; for ¢ = 1,...,n are independent Gaussian vectors such that
Y, ~N (Xﬁ U,DUT + P, + 7212) : (2.4)

where P; is the [n; x n;] covariance matrix whose (ji, j2)th element is pw (¢;5,, tij,) and I;
is the [n; x n;] identity matrix.

A number of special cases can be derived for the variance-covariance structure of (2.2).
The classical linear models for the independent cross-sectional data (or the independent
identically distributed data) is a special case of (2.4) where €;(t;;) are only affected by the
measurement errors Z;;. When neither random effects nor measurement errors are present,
the error term is of pure serial correlation €;(t;;) = W;j(t;;). Moreover, if W;(t;;) are from
a mean zero stationary Gaussian process, the covariance of €;(t;5,) and €;(t;5,), hence, Y,

and Yj;,, can be specified by

Cov (€(tijy), €i(tijy)) = o2p (tij, — tijal) (2.5)

where o is a positive constant and p(-) is a continuous function. Useful choices of p(-)
include the exponential correlation p(s) = exp(—as) for some constant ¢ > 0 and the
Gaussian correlation p(s) = exp(—as?), among others. When ¢;(t;;) are affected by a mean
zero stationary Gaussian process and a mean zero Gaussian white noise (measurement
error), the variance of Y;; is 02p(0) + 72, while the covariance of Y;; and Yj;,, for ji # jo,
is o2p(|tij, — tij,|), for some o > 0, 7 > 0 and continuous correlation function p(-). When
serial correlations are not present, the intra-subject correlations are only induced by the

random effects, so that P; is not present in (2.4).
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2.2 Likelihood Based Estimation and Inferences

2.2.1 Conditional Maximum Likelihood Estimation

Suppose that the variance-covariance matrix V;(¢;) of (2.2) is determined by a R?-valued
parameter vector a. Denote V;(t;; ) to be the variance-covariance matrix parametrized by

a. The log-likelihood function for (2.1) is
n 1 1 —
L(B.0) = e+ Y {3 logIVilti o)l = 5 (¥: = Xig) Vil (tso) (Y= Xi) |, (26)
i=1

where ¢ = 371" 1[(—n;/2) log(27)]. For a given «, (2.6) can be maximized by

)= |3 (Vo) | [ ()EVEGsaY) . )

It is easy to verify that, under (2.1), S(«) is an unbiased estimator of §. Direct

calculation also shows that the covariance matrix of B(a) is

_ lz (XTIt a)Xi)] B [f: (XTV 1t 0)Cov(Yi) Vi (8 a)Xi)] (2.8)
i=1 -

It is interesting to note that the second equality sign of (2.8) does not hold when the
structure of the variance-covariance matrix is not correctly specified. Further derivation

using (2.1), (2.7) and (2.8) shows that 3(a) has a multivariate Normal distribution,
n -1
Ha) ~ N {ﬁ, [Z (XTV; (1 a)Xi)] } | (29)
i=1
When « is known, this result can be used to develop inference procedures, such as confidence

regions and test statistics, for (.

2.2.2 Maximum Likelihood Estimation

When « is unknown, as in most practical situations, a consistent estimate of « has to be

used. An intuitive approach is to estimate 5 and «a by maximizing (2.6) with respect to
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and a simultaneously. Maximum likelihood estimators (MLE) of this type can be computed
by substituting (2.7) into (2.6) and then maximizing (2.6) with respect to a. Denote the
resulting ML estimators by BML and apsr. The asymptotic distributions of (BML,&ML)
can be developed using the standard approaches in large sample theory.

Although (BM L, @yr) has some justifiable statistical properties, as for most likelihood-
based methods, it may not be desirable in practice. To see why an alternative estimation
method might be warranted in some situations, we consider the simple linear regression

with independent errors and n1 =---=n, =m,
Y, ~N (Xﬁ J2Im) , (2.10)

where I, is the [m x m] identity matrix. The parameters involved in the model are 3 and
o. Let B v and o7, be the MLEs of 3 and o, respectively, and RSS be the residual sum
of squares defined by

" ~ T ~

RSS =3 (Yi—XiBur) (Vo= XiBurr) .-

i=1
The MLE of o2 is 53;;, = RSS/(nm). However, it is well-known that, for any finite n
and m, 53,; is a biased estimator of 0. On the other hand, a slightly modified estimator
0% e = RSS/[nm — (k + 1)] is unbiased for o%. Here, 6%, is the restricted maximum

likelihood (REML) estimator for the model (2.10).

2.2.3 Restricted Maximum Likelihood Estimation

This class of estimators was introduced by Patterson and Thompson (1971) for the purpose
of estimating variance components in the linear models. The main idea is to consider a linear
transformation of the original response variable so that the distribution of the transformed
variable does not depend on 3. Let Y = (YZ,.... YD)' X = (XT,....XD)" and V be
the block-diagonal matrix with V;(¢;) on the ith main diagonal and zeros elsewhere. Then,

with V parameterized by «, model (2.1) is equivalent to
Y ~ N (X3, V(a)). (2.11)

The REML estimator of «, the variance component of (2.11), is obtained by maximizing
the likelihood function of Y* = ATY, where Aisa [N x (N —k —1)], N = 3", n;, full

rank matrix such that ATX = 0. A specific construction of A can be found in Diggle,
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Heagerty, Liang and Zeger (2002, Section 4.5). It follows from (2.11) that Y* has a mean
zero multivariate Gaussian distribution with covariance matrix ATV (a)A. Harville (1974)

showed that the likelihood function of Y* is proportional to

—1/2 ¢ n
{H\Vi(ti;a)\‘m} (2.12)

=1

n 1/2

=1

X exp {—% i (Yi — Xz‘B(Oé))TVz‘_l(tz‘; @) (Yi — Xiﬁ(a))} .

1=

n
D XTIVt o)X,
i=1

L*(a) =

The REML estimator argpr of @ maximizes (2.12). The REML estimator BREML of 3
is obtained by substituting « of (2.7) with agrgar. Because (2.12) does not depend on
the choice of A, the resulting estimators B rEML and Grpprr are free of the specific linear
transformations.

The log-likelihood of Y*, log[L*(«v)], differs from the log-likelihood L(B, «) only through
a constant, which does not depend on «, and

1 n
—5 log ;X?V;l(ti;a)Xi :

which does not depend on (3. Because both REML and ML methods are based on the like-
lihood principle, they all have important theoretical properties such as consistency, asymp-
totic normality and asymptotic efficiency. In practice, neither one is uniformly superior to
the other for all the situations. Their numerical values are also computed from different al-
gorithms. For the ML method, the fixed effects and the variance components are estimated

simultaneously, while for the REML method, only the variance components are estimated.

2.2.4 Inferences

The results established in the previous sections are useful to construct inference procedures
for 5. For the purpose of illustration, only a few special cases are presented here. A more
complete account of inferential and diagnostic tools may be found in Diggle (1988), Zeger,
Liang and Albert (1988), Diggle, Heagerty, Liang and Zeger (2002) or Vonesh and Chinchilli
(1997), among others.

Suppose that there is a consistent estimator @ of «, which may be either the ML esti-
mator aysr, or the REML estimator ggar. Substituting a of (2.9) with &, the distribution

of B(&) can be approximated, at least when n is large, by
B(@)~N(8,V), (2.13)
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where V = [Y7 (XITV 1t a)X;)]"*. Suppose that C is a known [r x (k + 1)] matrix
with full rank. It follows immediately from (2.13) that, when n is sufficiently large, the
distribution of CB(&) can be approximated by

CcB(a) ~N (Cﬁ, CVCT) . (2.14)

Consequently, an approximate [100 x (1 — a)]%, 0 < a < 1, confidence interval for C3 can
be given by

CB (@) + Z1_ass (CVCT) 2
Taking C to be the (k + 1) row vector with 1 at its Ith place and zero elsewhere, an

approximate [100 X (1 — a)]% confidence interval for 3; can be given by

B (a) + Zl_am/%, (2.15)

where ‘71 is the Ith diagonal element of V.

The approximation in (2.14) can also be used to construct test statistics for linear
statistical hypotheses. For example, suppose that we would like to test the null hypothesis
of C3 = 6 for a known vector ¢y against the general alternative that C(G # 6y. A natural

test statistic would be
T = [Cﬁ(a) - HO}T (CVCT)_1 [Cﬁ(a) - 00} : (2.16)

which has approximately a x2-distribution with 7 degrees of freedom, denoted by x?2, under
the null hypothesis. A level (100 x a)% test based on T then rejects the null hypothesis
when T > y2(a) with x2(a) being the [100 x (1 — a)]th percentile of x2. For the special case
of testing §; = 0 versus [3; # 0, a simple procedure equivalent to (2.16) is to reject the null
hypothesis when

‘Bl(a)‘ > Zl—a/2\/5lv
where Z;_, /o and V, are defined in (2.15).

2.3 Partially Linear Models

As discussed in Section 1.3.3, this class of models has been studied by Zeger and Diggle
(1994) and Moyeed and Diggle (1994) as a means to generalize the marginal linear models.

With further restrictions on the error process, (1.2) is equivalent to

D
Y (8) = Bo(t) + 3 BXO) + e(t), (2.17)
=1
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where €(t) is a mean zero stochastic process with variance 02 and correlation function p(t),
and XW(#), 1 =1,...,D, and €(t) are independent. The errors €i(tij) specified in (1.2) are

then independent copies of €(t). A useful way to view €;(¢;;) is through the decomposition
€i(tiy) = Wiltiy) + Zij, (2.18)

where W;(t) are independent copies of a mean zero stationary process W (t) with covariance

function JIQ/Vp(t) and Z;; are independent identically distributed measurement errors with

mean zero and variance J%. The covariance structure of the measurements Y;; for i =
1,...,nand j=1,...,n; are
0% + o2y, if iy =iy and j; = jo,
Cov (Y;Uiv Y;sz) - JI%I/p(tiUi - tizjg)v if iy =iz and J1 7£ J2, (2'19)
0, otherwise.

Although the above models can be classified as a special case of (1.3), a class of the structural
nonparametric models to be discussed in later sections, their estimation methods are quite
different, a fact owing to the structural differences between these two classes of models. The
rest of this section focuses on an iteration procedure for the estimation of 3y(t), 51, - - -, k.
Inferential and alternative estimation methods, which constitute some major research activ-
ities in longitudinal analyses, are still not well-understood and warrant considerable effort

in further investigation.

2.4 Unstructured Smoothing Methods for Mean Responses

Suppose for the moment that no covariate other than time is considered in modeling the

mean response. The model (2.17) then reduces to
V(1) = folt) + e(t). (2.20)

Equivalently, with e(t) defined in (2.17), 5y(t) is the mean response of Y (¢) conditioning on
time ¢; that is, Bo(t) = E[Y (1)[t].

A natural approach for estimating [(p(¢f) nonparametrically is to borrow smoothing
techniques from the classical independent identically distributed (i.i.d.) setting, while eval-
uating the statistical performances of the resulting estimators by taking the influences of
the intra-subject correlations into account. A simple method is to use kernel smoothing,
which amounts to estimate [y(¢) through a weighted average using the measurements ob-

tained within a neighborhood of ¢ defined by a kernel function. Let K (u) be a continuous
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kernel function, usually a continuous probability density function, defined on the real line,
and h a positive bandwidth sequence which shrinks to zero as n tends to infinity. A kernel
estimator similar to the well-known Nadaraya-Watson type kernel estimators in the i.i.d.

setting is
i1 2o {Yig K [(E = tij)/ ]}
i1 g K[(t—tij)/h)

Here, (2.21) uses uniform weight on each measurement, hence, makes no distinction between

By (1) =

(2.21)

the subjects that have unequal numbers of repeated measurements. Thus subjects with more
repeated measurements are used more often than those with fewer repeated measurements.
A general formulation is to assign a specific weight to each subject and estimate [y(t) by
i1 2y {YigwilK [(¢ = ti5)/ h]}
i1 25 my {wiKC [(E = tij)/ h]}
where the weights, w = (w1, ..., wy,), satisfy w; > 0 for all i = 1,..., n with strict inequality

for some 1 < ¢ < n. Clearly, (2.22) reduces to (2.21) when w; = 1/N. An intuitive

B (tw) = (2.22)

weight choice other than w; = 1/N is to uniformly weight each subject, rather than each
measurement, so that the resulting kernel estimator is (2.22) with w; = 1/(nn;).

Other approaches for the estimation of (2.19) have also been studied by Hart and
Wehrly (1986), Miiller (1988), Altman (1990), Hart (1991), Rice and Silverman (1991),
among others. These methods are not discussed here, and their details can be found in these
original articles. These methods, including (2.22) and the above alternative approaches, are
essentially based on the fundamental spirit of local smoothing, hence, often lead to similar
results in practice. This is in contrast to the smoothing methods to be discussed in the
next section, where, because of the model complexity, different smoothing methods often
produce very different results.

A crucial step in obtaining an adequate kernel estimator for §y(t) is to select an appro-
priate bandwidth h, while the choices of kernel functions are relatively less important. For
estimation methods other than kernel smoothing, such as splines, this amounts to selecting
an appropriate smoothing parameter. Rice and Silverman (1991) suggested a simple cross-
validation for selecting a data-driven smoothing parameter which does not depend on the
intra-subject correlation structures of the data. Applying their cross-validation to the ker-
nel estimator (2.22), we first define Bo_i’K) (t; w) to be the estimator computed using (2.22)
and the remaining data after deleting the entire set of repeated measurements of the ith
B(—@K )

subject. Predicting the ¢th subject’s outcome at time t by 3 (t; w), the cross-validation
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score of (2.22) is
n
_yy {wz vy - B zm(tij;w)]?}, (2.23)
i=1j=1
Suppose that (2.23) can be uniquely minimized. The “leave-one-subject-out” cross-validated
bandwidth h., is the minimizer of (2.23). Heuristically, the use of h., can be justified
because, by minimizing (2.23), it approximately minimizes an average prediction error of
(2.22). More details for the implementations and generalizations of this cross-validation
will be discussed in Section 4.7.
Direct calculation of (2.23) can often be time consuming, as the algorithm repeats itself

each time a new subject is deleted. Denote K;; = K[(t — t;;)/h/,

wiK[(t —ti5) /] N
K = ——=n J and Kj=) K
’ im1 2jeg wiK([(t —ti5) /] Z

fori=1,...,n. A computationally simpler approach, also suggested by Rice and Silverman

Yj — 5= ZK)(tZ‘j;’U))

ng

(1991), is to compute [Y;; ﬂ( vK) ( ij; w)] using the following expression:
— B (tigsw) = Y (Vi K)

K
5 )| (1 725
_ [YU 137 } Z (YUK;Z) |:ﬁ0 (t ijs W w) _jzi:l (Yzsz*j):| (1 fi(:)

= ¥y - Bt w)| + (1 fi(*) [Zfl [((}ZJK;Z) —Bg(tz‘j%w} : (2.24)

The above expression, as currently stated, is specifically targeted to kernel estimators de-

fined in (2.22). When other smoothing methods, such as splines, are used, we may not get
an explicit expression as the right side of (2.24), hence, direct calculation of (2.23) has to
be carried out by deleting the subjects one at a time.

Large sample inferences of Bé( (t; w) can be derived based on the asymptotic expressions
of its means and variances and its asymptotic distributions. Because Bé( (t;w) is a linear
statistic of Yj;, its means and variances can be directly computed and, consequently, its
asymptotic distributions can be easily established by checking the triangular array central
limit theorem after taking the intra-subject correlations into account; see, for example, Wu,

Chiang and Hoover (1998) and Wu and Chiang (2000). Because Bg(t; w) is a special case
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of the kernel estimators of Section 4, details of pointwise and simultaneous inferences for

Bo(t) are discussed in Section 5.1.

2.5 Estimation of Covariate Effects in Partially Linear Models

With covariates other than time entered into the model, the estimation of (8y(t), 51, - - -, Bk)
can be proceeded by an iteration that combines smoothing with parametric estimation

techniques. Suppose that the error terms ¢;(t) of (2.18) have known variance-covariance

matrices V;(t;) for t; = (ti1,...,tin,) and all ¢ = 1,...,n. The iteration can be proceeded
as follows:
(a) Set fBy(t) to zero and calculate an initial estimate of (3i,...,3)T using (2.7), an

expression also for the generalized least squares, with V;(t;; «) replaced by V;(t;).

(b) Based on the current estimate (Bl, .. .,Bk), calculate the residual r;; = Y;j—Zfﬁzl BlXi(jl»)
and compute the kernel estimator Bé( (t;w) of By(t) using (2.21) with Yj; replaced by

Tz‘j'

(c) Based on the current kernel estimator Bé( (t;w), calculate the residual r;; = Y;; —
Bé((tij;w) and update the estimate of (f1,...,0;) using (2.7) with (V;(t;; «),Yi))
replaced by (V;(t;), 7).

(d) Repeat steps (b) and (c) until the estimates converge.

This algorithm is a special case of the more general backfitting algorithm described in Hastie
and Tibshirani (1993).

The assumption of having a known correlation structure is unrealistic and can be re-
laxed. Although an incorrectly specified correlation structure may cost the efficiency of
the estimators, it generally does not affect the consistency. When the variance-covariance
matrix is parametrized by a parameter a and the error terms are from a mean zero Gaus-
sian stationary process, the above iteration algorithm can be used in conjunction with the
likelihood and restricted likelihood methods of the previous section, i.e. the generalized
least squares estimators used in Steps (a) and (c) can be replaced by the likelihood based
estimators BML or B(& rEML)- Further computational details, statistical properties of the
resulting estimators and a modified estimation procedure can be found in Zeger and Diggle
(1994) and Moyeed and Diggle (1994). Inferences based on the resulting estimators have

not been systematically investigated, hence, warrant substantial further development.
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3 Nonparametric Time-Varying Coefficient Models

This section presents a series of different smoothing methods for estimating the coefficient
curves B(t) = (Bo(t),...,Bk(t))T of (1.2) and some asymptotic and bootstrap inference
procedures based on the smoothing estimators of 3(t). Applications of the estimation and
inference procedures are illustrate through the Alabama Small-for-Gestational-Age Study
(ASGA) of Example 1 and the Baltimore Multicenter AIDS Cohort Study (BMACS) of
Example 2.

3.1 Some Useful Expressions

In observational studies, the covariates are usually random as the subjects are randomly
chosen, although they could in principle be either random or fixed. For generality, it is
assumed throughout that X(t) is random and the matrix E[X(t)XT(t)] = Exxr(t) exist.
With a proper change of the notation, the methods here can be modified to accommodate

the case of nonrandom covariates. An equivalent expression of (1.3) is then
Y(t) = XT(1)8(t) +€(t), (4.1)

where €(t) is a mean zero stochastic process and €(t) and X(¢) are independent. Suppose
that Exxr(t) is invertible and its inverse is E;(;(T (t). It directly follows from (4.1) that

B(t) uniquely minimizes the second moment of €(¢) in the sense that

E { V(6 - X"(1)8(0)] 2} = o E { Y(t)- XT(t)b(t)f} , (4.2)

and is given by

B(t) = Bxxr (0 E[X(B)Y (1)) (4.3)

When the covariates are time-invariant, we have X(t) = X and Exxr(t) = Exxr, so that

the equation (4.3) reduces to

B.(t) = E l(i erlX(l)> Y(t)] , (4.4)
=0

1

T at the rth row and Ith column.

where e,; is the element of E;(
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3.2 Smoothing Based on Least Squares

3.2.1 General Formulation

Intuitively, (4.2) suggests that [(¢) can be estimated by a method of local least squares
using the measurements observed within a neighborhood of ¢. Assume that, for each [
and some integer p > 0, §;(t) is p times differentiable and its pth derivative is continuous.
Approximating £;(t;;) by a pth order polynomial >-F_{b;-(t)(t;; —t)"} for all [ =0, ..., k,
a local polynomial estimator of 3(t) = (Bo(t), ..., Bk(t))T based on a kernel neighborhood
is bo(t) = (boo(t), - - -, bro(t))”, where {by(t); 1=0,...,k, r=0,...,p} minimizes
n k P 2
L) =33 w {Y -3 [ij) (Z b (1) (15— t)rﬂ } e
i=1j=1 1=0 r=0
where w; are the non-negative weights as in (2.22), K(-) is a kernel function, usually chosen
to be a probability density function, and h is a non-negative bandwidth. As a by-product
of (4.5), (r!)glr(t) may be used to estimate the rth derivative ﬁl(r) (t) of Bi(t), r=1,...,p.

3.2.2 Least Squares Kernel Estimators

The simplest case of (4.5) is the ordinary least squares kernel estimator, also known as the
local constant fit, obtained by minimizing (4.5) with p = 0. Using the matrix representation
Yi= (Y, - Yin,)7T,
1 x® o x® Ky - 0
Xo=|: and Ki()=| i i
roxl o x® 0 - K,
with K;; = K[(t;; — t)/h], if X7 XTK;(t)X; is invertible, then (4.5) with p = 0 can be

uniquely minimized and its minimizer, the kernel estimator of 3(t), is given by

n _1 n
BEE (1) = (Z wiX?Ki<t>Xi> (Z wiX?th)Yi)- (4.6)
=1 =1

When the model incorporates no covariate other than time, i.e. k& = 0, (4.6) reduces to a
Nadaraya-Watson type kernel estimator of the conditional expectation E[Y (t)t]; see, for
example, Hardle (1990).

3.2.3 Least Squares Local Linear Estimators

Although (4.6) has a simple mathematical expression, it often leads to significant bias when

t is at the boundary of its support. An automatic procedure to reduce such boundary bias
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is to use higher order local polynomial fits. But, a high order local polynomial fit can be
impractical in some applications because it usually requires large sample sizes and may be
computationally intensive. A practical approach that provides automatic boundary bias

adjustment is to use local linear fit that minimizes (4.5) with p = 1. Denote

Mr = ( ZiJ
di

Nr = (N0r7"'7Nk7’)7N: (Ngv"'ng)Tv

@) 3 (1)
o
wiXy Xy (tij — ) K; } di

v]

l r
win‘(j)Xz‘(j)(tij - t)QKz‘a}

l r
wiXZ‘(j)X‘(‘)(tij - t)KZ‘j} )

T
M, = (Z [wiXZ‘(jr)Y;jKij} > [winf)(tij - t)Yz‘sz‘jD ;

1,J 1]
M = (MT, .. MIOT bi(t) = (bio(t), b ()T and b(t) = (bo(t),...,bk(t)T for r,l =
0,...,k. Setting the partial derivatives of L;(t) with respect to bj(t) to zero, the nor-
mal equation of (4.5) with p =1 is

Nb(t) = M. (4.7)

Suppose that the matrix A is invertible at ¢. The solution of (4.7) exists and is uniquely
given by b(t) = N~'M. The least squares local linear estimator BZLSL (t) of Bi(t) is then

BESL(t) = e 1b(t), (4.8)

where e, is the [2(k + 1) x 1] column vector with 1 at its gth place and zero elsewhere.
Explicit expressions for the general higher order least squares local polynomial estimators
can be similarly derived; see Hoover et al. (1998). Details of these general higher order
estimators are omitted, since a local linear fitting is sufficiently satisfactory in almost all

the biomedical studies that have appeared in the literature.

3.2.4 Least Squares with Centered Covariates

In some situations, some of the covariates used in (4.1) can not have values at zero, so that
the baseline coefficient curve (y(t) does not have a practical interpretation. Strictly positive
covariates appear naturally both in the ASGA Study (Section 1.2.1), such as the mother’s
placental thickness and pre-pregnancy height, and the HIV/CD4 Depletion Data (Section
1.2.2), such as the subject’s pre-infection CD4 level. A useful remedy when such a situation

arises is to use a centered version of the covariates in the model, so that the corresponding
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baseline coefficient can be interpreted as the conditional mean of Y (¢) when the centered
covariates are set to zero.

Let XtD(t) = XO(t) — E[X(t)] be the centered version of X V) (¢) and X*)(¢) be the
covariate vector with some or all of its components being centered. An equivalent form of
(4.1) is

©@))' g
Y(t) = (X0@)" 5*(t) +e(t), (4.9)

where 3*(t) = (B5(t), B1(t), ..., Be(t))T. Note that 3;(t), the baseline coefficient curve of
(4.9), represents the mean of Y (t), when X *)(¢), rather than X((¢), for I = 1,..., k are
set to zero. Other coefficient curves of (4.9) can be interpreted the same way as those of
(4.1).

*1)

The estimation of 5*(t) can be obtained by first estimating the centered covariates X i(jl

of X Z(jl») and then minimizing (4.5) with X i( ) replaced by X, (D 18 x () (t) is a time-dependent
1)

covariate, then, using a kernel smoothing, a centered version of Xi(j

*l !
X ) — Xi(j) — fiy(ti;) with

can be estimated by

i n v { ()rl[( —tij)/w]}
fu(t) = P gy {wi D [(t = tig) /)y

where (I';(-), ) is a set of kernel and bandwidth. On the other hand, if X (t) = X® is

time-invariant, then XZ(;) = Xi(l) forall j =1,...,n;, and Xi(*l) can be taken as Xi(l) - X0,

where X() = p=1 577 Xi(l) is the weighted sample mean for X (V). Let XE*) be the n; x (k+1)
(+1)

centered covariate vector whose jth row is (1, X; ,...,Xf;k)). A least squares kernel

(4.10)

estimator of 5*(t) is

*LSK [Z w; (X(* ) K, (t) (Xg*))T] -1 [zn: w, (XE*))TKi(t)Yi] ’ (4.11)

where K;(t) and Y; are defined as in (4.6).

Wu, Yu and Chiang (2000) investigated the large sample properties of B*LSK (t). Their
results suggest that neither BLSK(t) nor B*LSK(IS) is uniformly superior to the other. In
particular, when the covariates are time-invariant, LK (t) and BrLSK (t) are asymptotically
equivalent. However, when X (l)(t) for [ > 1 changes significantly with ¢, theoretically and
practically superior estimators of (;(t) may be obtained by centering X ()(¢).

Of course, after a covariate is centered, the baseline coefficient curve of the model is

changed. The decision on whether a covariate should be centered or not primarily depends
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on the biological interpretations of the corresponding baseline coefficient curve. Such a
decision should be made based on the statistical properties of the estimators only if the
effects of the covariates, rather than the baseline coefficient curve, is of primary interest
in the investigation. Clearly, methods other than kernel smoothing may also be applied
to the estimation with centered covariates. But, because of the complication caused by
smoothing the covariates, statistical properties for estimators other than (4.11) have not

been investigated in the literature.

3.2.5 A Simple Modification

The estimators mentioned above, both with and without covariate centering, rely on a
single bandwidth to estimate all (k + 1) coefficient curves. This simple approach may work
well when all the curves roughly belong to the same smoothness family. However, such an
idealized scenario is often not anticipated in practice. A flexible method which automatically
adjusts for the possibly different smoothing needs for different coefficient curves is always
preferred.

In the literature, the potential deficiency associated with the use of a single bandwidth
has been reported by Hoover et al. (1998), Fan and Zhang (2000), Wu, Yu and Chiang
(2000), among others. These authors have also proposed a number of alternative approaches
(see Sections 4.3-4.6) to overcome this potential drawback. A simple method suggested by

Wu, Yu and Chiang (2000) is to use a linear combination of the form

~

k
Bt K h) =S el Bt Ki h), (4.12)
=0

where K(-) = (Ko(:),...,Ki(-)), h = (ho,...,hi), e, is the [(k + 1) x 1] vector with 1
at its pth place and zero elsewhere and B(t; K, hy) is the kernel estimator of 3(t) or 3*(¢)
obtained from (4.6) or (4.11), respectively, using kernel K;(-) and bandwidth h;. Intuitively,
B(t; K, h) relies on a specific pair of kernel and bandwidth to estimate the corresponding
component of G(t) or §*(t). As a general methodology, (4.12) is not limited to kernel

estimators and may be applied to other local polynomial estimators as well.

3.2.6 Choices of w;

An important factor that affects the theoretical and practical behaviors of the least squares

local polynomial estimators of () is the choice of w; in (4.5). For cross-sectional studies

27



with independent identically distributed data, a uniform weight choice, w; = 1/N, is often
desirable. For the current sampling, it is conceivable that a proper choice of w; may depend
on the intra-subject correlation structures and the numbers of repeated measurements n;. In
practice, however, the correlation structures of the data are often completely unknown and
may be difficult to estimate, so that subjective choices such as w; = 1/N and w; = 1/(nn;)
are often considered. Intuitively, w; = 1/N assigns equal weight to each observation point,
while w; = 1/(nn;) assigns equal weight to each subject. Theoretically, the choice of
w; = 1/N may produce inconsistent least squares kernel estimators when some n; are much
larger than the others. On the other hand, the least squares kernel estimators based on
w; = 1/(nn;) are always consistent regardless the choices of n; (Hoover et al., 1998, and

Wu and Chiang, 2000).

3.3 Penalized Least Squares

Suppose that all the components of ((t) are twice continuously differentiable and have
bounded and square integrable second derivatives with respect to t. A natural penalized

least squares criterion is to minimize

n o n; 2 k
A)—;Z{ ZX(Z Bu(tis } +§Al/[ﬁ[(t)rdt (4.13)

=17=1

with respect to B(t), where A = (Ao, ..., \x)T and \; are positive smoothing parameters.
)

The existence and uniqueness of the minimizer of (4.13) depend on t;; and Xi(j . Suppose
that (4.13) can be uniquely minimized. The penalized least squares estimator BP LS (t) =
(BéDLS(t), .. ,ﬂPLS( )T of B(t) is then defined to be the unique minimizer of (4.13). Using
similar techniques as in univariate smoothing, it can be shown that BZP LS(t) are natural
cubic splines with knots at the distinct values of {t;; : i=1,...,n, j=1,...,n;} and can
be expressed as linear functions of {Yj; : i=1,...,n, j=1,...,n;}.

One feature that distinguishes 37LS(t) from the estimators obtained from (4.5) is
the use of multiple smoothing parameters \; in the penalty term. In (4.13), all (k + 1)
smoothing parameters A\;, [ = 0,...,k, can be adjusted in the penalty term. Numerical
results presented in Hoover et al. (1998) demonstrated that the extra flexibility created by
multiple smoothing parameters could indeed lead to better estimators than the least squares

local polynomials that rely on a single smoothing parameter. However, because BP LS(t) has

knots at all the distinct time points, it can be extremely computationally intensive when the
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number of distinct time points is large, a case often happened in unbalanced longitudinal

studies.

3.4 Two-Step Smoothing Method

In an attempt to provide flexible smoothing estimators that are computationally accessible
with large longitudinal data, Fan and Zhang (2000) proposed to estimate (3(t) by a two-step
smoothing method which uses (k4 1) smoothing parameters in a different way from (4.12)

and (4.13). Their procedure calls for the following two steps:

(i) computing the raw estimates BRAW(S) of [(s) at a set of distinct time points, say

S1,---,Sm, where m may depend on n and n;, 1 =1,...,n;

(ii) estimating each coefficient curve f;(t) by smoothing the raw estimates BZRAW(ST),

r=1,...,m.

Although Fan and Zhang (2000) used local polynomials to illustrate the method, other
smoothing methods such as splines may in principle be used.

For the special case of balanced longitudinal data where all the subjects are observed
at a same set of time points {s;;j =1,...,m} with m =n;, i = 1,..., n, the raw estimates
can be computed by fitting linear models between Y;; and X;; at s; for all j = 1,...,m.
However, when the design is unbalanced and the numbers of subjects on some time points
are sparse, as in most practical situations, it may be necessary to computing the raw
estimates by grouping the observations from the adjacent time points. In particular, we can
first compute BZRAW(ST), [ =0,...,k, using the local polynomial method (4.5) with a small

bandwidth, and then, treating BZRAW(ST) as the new data, estimate [;(¢) by minimizing

Z{ BRAW (5 szr —t) } Kz<sjh:t> (4.14)

with respect to by, (t), where (K;(+), h;) is a set of kernel and bandwidth. Similar to (4.5),
if 517;5(15) for r = 0,..., k uniquely minimize (4.14), B%S(t) is the two-step pth order local
polynomial estimator of (), while (r!)glj;s (t) can be used to estimate the rth derivative
of Bi(t).

In contrast to the estimators obtained from (4.5) where a single bandwidth must be
used for all ;(t), the two-step method has in principle the flexibility to adjust for the specific

smoothing need of each coefficient curve. However, a main difficulty in current version of
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two-step smoothing is that it lacks a specific and practical guideline to construct the raw
estimates for unbalanced longitudinal data. Certain data-driven bandwidth procedures
would be desirable for computing both the raw and the final estimates. Impacts of different
raw estimates on the theoretical and practical properties of the final two-step estimators

are still not well-understood and require substantial further development.

3.5 Component-wise Smoothing with Time-Invariant Covariates

When the covariates of interest are time-invariant, such as in clinical trials when the treat-
ments are kept fixed throughout the study periods, an effective way motivated by (4.3) to
provide flexible and computational feasible estimators of ((t) is to smooth each component
of ((t) separately.

Let Z0(t) = [2FgenXWY (1), X; = (1,Xi(1), . .,Xi(k))T be the covariate vector
of the ith subject and €,; be the (r,l)th element of the matrix (EXXT)_l, the inverse of
the sample mean Eyyr = (1/n) Y7 X;X7. A natural estimator of Z(")(t) is Zi(;) =
F, érlXi(l)]Y;j. By (4.3), a componentwise smoothing estimator of ,(¢) can be obtained

)

by smoothing Zz(jr fori =1,...,nand j = 1,...,n;. Specifically, a local polynomial

~

estimator of 3, (t) with order p > 0 is bGOM (t), such that bGOM

rl

(t), L =0,...,p, uniquely

minimize

n n; p 2
LS?M(t)—ZZwi{ZEP—Zbﬂu)(tm—tﬂ} K (), @)
1=0 hr

i=1j=1
with respect to b,;(t). For the local constant fitting with p = 0, (4.15) leads to the compo-

nentwise kernel estimator

GOOM (1) = 12 {wizg K[t~ 1)/ h"]}' (4.16)

Sy {wik [ty — 1)/}

r

Wu and Chiang (2000) established the large sample mean squared errors of BS’ OM (¢),
while Wu, Yu and Yuan (2000) developed a procedure for constructing approximate asymp-
totic pointwise and simultaneous confidence regions for f.(t). These results shed some
light on the asymptotic behaviors of the higher order estimators B%OM (t), although specific
asymptotic risks and asymptotic distributions have not been established for the case with

p > 1. The results of Wu and Chiang (2000) and Wu, Yu and Yuan (2000) indicate some

clear advantages of BCOM (£) over the kernel estimator (4.6) both in terms of theoretical con-
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vergence rates and practical flexibilities. Similar advantages over the least squares method
of (4.5) are also expected for the componentwise local polynomial estimators.

Obviously, minimizing (4.15) is not the only componentwise smoothing approach. Sup-
pose that the support of the design time points is contained in a compact set [a, b] and 5,(t)
is twice differentiable with respect to ¢ in [a, b]. A viable alternative is to estimate [,(t) by
penalized least squares estimator Bf OM (), where Bf OM (t) minimizes

n n;

I 3.0 = 33 [ 4~ ]} 1 |

i=1j=1

b

1

[ﬁr (s)}2 ds, (4.17)

with A, being a non-negative smoothing parameter. By the same rationale as in Section
2.3, it is easy to verify that BSJOM (t) is a natural cubic spline with knots at the distinct
points of {t;;; i =1,...,n, j =1,...,n;}. Furthermore, using the approach of equivalent
kernels, Chiang, Rice and Wu (2001) derived the asymptotic mean squared errors and the
asymptotic distributions of BSJOM (t). In contrast to the multiple penalized least squares
of (4.13) whose solution is obtained by solving a large linear system involving all (k + 1)
components, (4.17) significantly simplifies the computation by solving (k+1) separate linear
systems. This computational advantage ensures the practical implementability of (4.17) in
many situations, while the intensive computational needs often make the optimization of

(4.13) impracticable.

3.6 Smoothing via Basis Approximations

All the smoothing methods described above depend on local smoothing in the sense that
only the measurements obtained within some neighborhood of ¢ are effectively used to
estimate 3(t). Although local smoothing works well when all the coefficient curves (3, (t) are
nonparametric, it is not adequate when some of the coefficient curves have known parametric
forms, as in the partially linear model (1.1).

Compared with local smoothing, estimation using basis approximations has three im-
portant advantages. First, it can be used to estimate ((t) whether its components are
parametric or nonparametric, hence, is suitable for both nonparametric and semiparamet-
ric varying-coefficient models. Second, when a random effect is desired, it provides a natural
means to incorporate random effects into a nonparametric or semiparametric model. Third,
because popular basis estimators, such as truncated polynomials or B-splines, often rely on

far fewer knots or approximation terms than smoothing splines, they often enjoy consider-
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able computationally advantage over smoothing splines or even local polynomials. Although
estimation with mixed effects is of great interest in various settings, we only discuss here
the case of marginal models. Extension to mixed effects models can be found in Rice and
Wu (2001).

The main idea is to first approximate (,(t) by a basis function expansion with K,
terms, where K, may or may not tend to infinity as n tends to infinity, and then estimate
Br(t) by estimating the coefficients of this expansion. For each r = 0,...,k, let B,s(t),
s=1,...,K,, be a set of basis functions. If §.(¢) can be approximated by an expansion

based on B,s(t), s =1,..., K,, there is a set of constants 7,5 so that

K
t) ~ Z ’YrsBrs(t)' (4'18)
s=1

Substituting (4.18) into (1.2), an approximation of the varying-coefficient model is

k K

Yi; 2 30 Xy Bro(t) + itig). (4.19)

r=0s=1

The approximation sign in (4.19) will be replaced by the equality sign if, for allr =0, .. ., k,
Br(t) belongs to a linear space spanned by {B,s(t); s=1,..., K,}.

Using (4.19), the least squares estimators 7,5 of 7,5 can be obtained by minimizing

= ii {wz [ i ii (X775 By tzj))]2} , (4.20)

i=17=1 r=0s=1

where v = (vd,...,7)" and v = (yr1,...,%rk,)T. If the minimizer of (4.20) uniquely

exists, the basis function estimator of 3, (¢) is

K,
BEAS (&) = D FrsBrs (4.21)
s=1

where K, may depend on n and n;, ¢ = 1,...,n. Clearly, if K, is finite and known and
B (t) belongs to the linear model spanned by B,s(t), s = 1,..., K,, then (4.21) returns
a parametric estimator of ,(t). On the other hand, if (4.18) holds with K, unknown, a
consistent nonparametric estimator produced by (4.21) may require K, to be a function of
n and n;, 1 = 1,...,n, which may tend to infinity as n tends to infinity.

Depending on the underlying scientific nature of the data, many different bases may

be used to approximate the components of 3(t). The most popular basis system in the
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B =11 A general class of bases

classical linear models is the polynomial basis {1,t, ..
that have certain numerical advantages over the above polynomial basis is the class of
piecewise polynomials. Examples of piecewise polynomial bases include B-spline bases,
such as linear, quadratic or cubic splines, or other types of truncated power series; see
de Boor (1978) for further details of the explicit expressions of piecewise polynomials and
their numerical properties. If 3,.(t) is believed to exhibit periodicity, Fourier series are often
natural basis choices.

Huang, Wu and Zhou (2002) established the consistency of (4.21) and studied the
practical performance of (4.21) with B-splines through an intensive simulation. Further
asymptotic properties for the B-splines estimators of (4.21) are developed in Huang, Wu and
Zhou (2004). In general, a B-spline estimator requires a smoothing parameter consisted of
three aspects: degrees of the polynomials and number and location of the knots. Although
generally desired, it is difficult, however, to simultaneously determine all three of these
aspects from the data. Rice and Wu (2001) showed that the simple approach of using equally
spaced knots often works well in practice, a finding also corroborated by the simulation of

Huang, Wu and Zhou (2002).

3.7 A Cross-Validation Procedure

The most important factor that affects all of the above smoothing methods is the selection
of appropriate smoothing parameters, such as the bandwidth, the positive penalty weight
A and the number and location of knots. It is of both theoretical and practical interest to
select these values directly from the data.

Selecting data-driven smoothing parameters for nonparametric regression with indepen-
dent identically distributed data has been a subject of intense investigation in the literature.
Under the current context, a widely used method, suggested by Rice and Silverman (1991),
is a cross-validation that deletes the entire repeated measurements of a subject, rather than
an individual measurement, one at a time. Hart and Wehrly (1993) derived the consistency
of this cross-validation for a simple nonparametric regression without the presence of covari-
ates other than time. Without loss of generality, we denote £ to be a vector of smoothing
parameters, (3 (t; ) a smoothing estimator based on £ and B (t;€) an estimator computed

using the same method as B(t; ¢) but with the ith subject’s measurements deleted. The
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cross-validation score for B(t; €) is
ovie) =33 fu[viy - X2 w )]} (4.22)
i=1j=1
which measures the predictive error of B(t; €). The cross-validated smoothing parameter
ey 1s then the minimizer of CV(), provided that the unique minimizer of CV(&) exists.

The above cross-validation criterion is directly applicable to all the smoothing methods
presented above, except the two-step smoothing of Section 2.4. For the estimators of Sec-
tions 2.2, 2.3 and 2.5 and B-splines with equally spaced knots, minimizing the corresponding
cross-validation scores would either return a univariate bandwidth or a R*+!-valued vector.
An automatic search of the global minima usually requires a sophisticated optimization
software. In practice, particularly when the smoothing parameter is multivariate, it is often
reasonable to use a smoothing parameter whose cross-validation score is close to the global
minima.

There are three intuitive reasons to use the cross-validation criterion (4.22). First,
by deleting the subjects one at a time, it preserves the correlation structure of the data.
Second, in contrast to alternatives such as the AIC, the BIC and the generalized cross-
validation (e.g. Akaike, 1970, Schwarz, 1978, Shibata, 1981, and Wahba, 1990), (4.22) does
not depend on the structure of the intra-subject correlations, hence, can be implemented
in almost all the practical situations. Third, when the number of subjects is sufficiently
large, minimizing (4.22) leads to a smoothing parameter that approximately minimizes the
average squared error:

n_ n
ASB (3(:0)) = 33 {un [X5 (306) Bt )]} (4.23)
i=1j=

The last assertion can be heuristically seen by the decomposition:

CV(§) = ii{wz [Y;j - X5 (tij)r} (4.24)
i=1j=1
+23° 3 L [v - XB000)] [X (5060) ~ B 905:)] )
i=1j=1
59> {wi x5 (B(t) = B (s f))f} :
i=1j=1

Here, (4.23) and the definition of B (t;€) imply that the third term at the right side of

(4.24) is approximately the same as ASE(3(+;£)). Because the first term at the right side of
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(4.24) does not depend on the smoothing parameter and the second term is approximately

zero, &, approximately minimizes ASE(f5(+;€)).

3.8 Asymptotic Inferences for Kernel Estimators

Confidence statements can be made either based on the asymptotic distributions of the
estimators or through a bootstrap procedure. Currently, explicit expressions of asymptotic

distributions have only been developed for the kernel estimators (4.6) and (4.16).

3.8.1 Pointwise Confidence Intervals

For both (4.6) and (4.16), their asymptotic distributions have been developed based on two
important assumptions. First, the numbers of repeated measurements n; are non-random
and may or may not tend to infinity as n tending to infinity. Second, the time design
points ?;; are random and independent identically distributed according to an unknown
density function f(-). These assumptions are made for practical considerations as well as
mathematical tractability.

Consider first the confidence procedures based on (4.6). Under the above assumptions
and some additional mild regularity conditions, Wu, Chiang and Hoover (1998) showed

that, if w; = 1/N, h = N~"/°hy and

n
lim N=%5% " n? =9

n—oo 4
=1

for some constants hg > 0 and 0 < 0 < oo, BLSK (t) has an asymptotically multivariate

normal distribution in the sense that
(NR)Y2[BE55 (1) = B(t)| — N (B(t), D"(#), (4.25)

in distribution as n — oo. The bias, B(t), and the variance-covariance matrix, D*(t), of

(4.25) are

B(t) = [f(O)] Exyr () (bo(t), -, bi(t)" (4.26)
and
D*(t) = [f ()] 2 Exxr () D(t) B 1 (t) (4.27)

where D(t) is a (k+ 1) x (k4 1) matrix whose (I, r)th element is

D) = *WE XX 0] 1) { [1K(w)Pau
+0hop(DE [ XD XD [£(1)],
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o2(t) = E[E(t)], pe(t) = lima_o E[e(t + a)e(t)] and

w = KPS {|[wr@ad {ao [ [xO0x0]] 1)

c=0

+B.OE [ XD X O] £(6) + (1/2)8/ ) B [ XD X(0)] f0)}} -
Then, there are lower and upper end points L, (t) and U, (t) given by
T 3LSK —1/2 4T “1/2 [ AT 1/2
{A BESK (#) — (Nh)~1/24 B(t)} + Zo5(NR) [A D (t)A} , (4.28)
where Z, /5 is the (1 — a/2) quantile of the standard normal distribution, so that

lim P {La(t) < ATB(t) < Ua(t)} —1-o (4.29)

n—oo

Because B(t) and D*(t) depend on unknown quantities, (4.28) is not implementable in
practice. If B(t) and D*(t) can be consistently estimated by B(t) and D*(t), a pointwise
(1 — ) confidence interval for AT3(t) can be approximated by (Lqa(t), Us(t)) with Ly(t)
and U, (t) being the lower and upper end points given by

[ATBSK (6) — (NR)V2ATB() ) & Zapp(NR) 2 [ATD 00 A] . (430)

Wu, Chiang and Hoover (1998) suggested to compute B(t) and D*(t) by substituting
f@®), o2(t), pe(t), E[XO(#)X)(#)] and the required derivatives in (4.26) and (4.27) with
their kernel estimators. Suppose that the kernel function K (-) is at least twice continuously
differentiable in the interior of its support. These authors proposed to estimate f(t), o%(t),
pe(t) and E[XO()X0()] by

fty = (Nh) 1§:iK<t”h_t>

i=1j=1

70 = Nhf ij 1{’ <%>}

e = T (a0 () K (4}
€ s Zjlyéjg {K (tijh—t) K (tijh_t)}

and

E [x00)x 0 }Nhf ZZ{ )Xk (250

i=1j=1
where €(t;;) = Yij — XiT(tij)ﬂ(tij) are the residuals, and to estimate the first and second
derivatives of f(t), Bi(t) and E[XW(¢)X(")()] by the corresponding derivatives of f(t),
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BZLSK(t) and E[XO(#)X™)(¢)]. Through an intensive simulation, these authors also sug-
gested that the cross-validation bandwidth A, obtained from (4.22) may be used to compute
all of the above estimators, although, in general, different bandwidths may be used for these
estimators.

The above plug-in approach can also be extended to Bf OM () of (4.16) when the covari-
ates are time-invariant. Wu, Yu and Yuan (2000) have derived the explicit expressions of
the bias, B(BfOM; t), and the standard deviation, SD(B?OM; t), of BfOM (t), and suggested

to use the approximate (1 — «) confidence interval for §,.(t) with end points

{BEOM (1) B (BEOM 1)} 210yaSD (3OOMs1).

where B(3°°M 1) and SD(3°CM; t) are plug-in estimators of B(399M: t) and SD(BY9M t).
Because of the similarity it shares with BLSK (t), we omit the details for this case.

The above asymptotic intervals differ from their counterparts with independent iden-
tically distributed data in the inclusion of intra-subject correlations in the variance term.
When n; are not negligible relative to n, 6 in (4.27) may not be negligible, so that the con-
tribution of the correlations may not be ignored. For the HIV/CD4 data (Section 1.2.2),
the numbers of repeated measurements range from 1 to 14, while the number of subjects is
400. Asymptotic results that do not take the intra-subject correlations into account may
not lead to adequate approximations. In this case, it is appropriate to estimate the corre-
lations directly from the data. When the numbers of repeated measurements are negligible
relative to the numbers of subjects, as in the ASGA data (Section 1.2.1), the contribution
of the intra-subject correlation structures becomes negligible in the variances of the kernel
estimators. The resulting confidence intervals are then similar to that with independent

identically distributed samples.

3.8.2 Simultaneous Bands

In most applications, the main interest of inference lies in the overall confidence regions of
Bi(t) within a proper range of ¢ values, rather than the confidence intervals at a particular
time point. When the data are from independent identically distributed samples, simul-
taneous confidence regions for regression curves may be constructed using either extreme
value theory of Gaussian processes (e.g. Eubank and Speckman, 1993) or variability bands

bridged by pointwise intervals over a grid points (e.g. Knafl, Sacks and Ylvisaker, 1985,
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Hall and Titterington, 1988, and Hérdle and Marron, 1991). For longitudinal samples, anal-
ogous asymptotic theory of extreme values has not been developed. This leaves the latter
approach to be the only practical simultaneous inferential tool in longitudinal analysis.

To construct a simultaneous band for AT 3(t) over t € [a, b] based on the least squares
kernel estimator B(LSK) (t), we choose a positive integer M and partition [a, b] into M equally
spaced intervals with grid points a = & < --- < &{p41 = b, such that {41 — & = (b—a)/M
forj=1,...,M. A set of approximate (1—a) simultaneous confidence intervals for AT 3(¢;),
j=1,..., M+ 1, is then the collection of intervals (lAa(fj),ﬂa(fj)), j=1,...,M+1, which
satisfies

lim P {Tn(&) < AT(&) < Ua() forall j=1,..., M +1} >1-a. (4.31)

n—oo

The Bonferroni adjustment suggests

(Za(gj)vaa(gj)) = (Ea/(M+1)(fj)a ﬁa/(M+1)(fj))a (4.32)

where (Ea(ﬁj), ﬁa(ﬁ’j)) are defined in (4.30).
To establish a band that covers all the points between the grid points §;, j = 1,..., M+
1, we first consider the interpolation of AT3(¢;) defined by

()00 = { = e + (M= apien)]. )

fort € [¢;,&4+1]. A simultaneous band for (AT 3)()(t) over t € [a, b] is (fg)(t), ad (t)), where
fg)(t) and ﬂg)(t) are the linear interpolations of I, (&) and 1 (&;), similarly defined as in
(4.33). The gaps between the grid points are then bridged by the smoothness conditions of

ATB(t). If ATB(t) satisfies

sup
tela,b]

/!
(ATﬁ) (t)‘ < ey, for a known constant ¢; > 0, (4.34)

then it follows that

A7)~ (475) " (0] < 2y [MELZOCZE],

for all t € [¢;,&;41], and consequently

(Zy)(t) o, [M(£j+1b—_t)(t - 5;‘)] D) + 20, [M(fjﬂb—_t)(t - fj)D (4.35)
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is an approximate (1 — «) confidence band for AT3(t). If AT 3(t) satisfies

sup
tela,b]

(ATﬁ) (t)‘ < cg, for a known constant ¢y > 0, (4.36)

then

ATB(t) — (ATﬁ)(I) (t)‘ < 62_2 [M(fjﬂb—_tc)l(t — gj)] ’

for all t € [¢;,&;41], and an approximate (1 — a) confidence band can be given by

(Z{(y[)(t) B %2 :M(§j+1b—_tc)l(t - 53‘)] A + 62_2 [M(gﬂ’“b__ti(t — gj)D . (4.37)

For smoothness conditions other than the ones considered in (4.34) and (4.36), the corre-

sponding confidence bands may be similarly established. When the covariates are time-
invariant, the same approach can be used to establish simultaneous confidence bands based

on BCOM(t); see Wu, Yu and Yuan (2000) for details.

3.9 Bootstrap Variability Bands

The above asymptotic inferences subject to two restrictions which, to some degree, limit
their applications in longitudinal analysis. First, because the asymptotic distributions have
so far only been developed for the two kernel type estimators, BLSK (t) and BCOM (t), confi-
dence procedures for other estimators are still not available. Given that smoothing methods
such as splines and local polynomials have exhibited a number of theoretical and practi-
cal advantages over the kernel methods, particularly at the boundary of the support of ¢,
inferential procedures based on these smoothing methods are in demand. Second, because
the plug-in estimators require the estimation of the design densities, covariance functions
and the other quantities appeared in the bias and variance terms of the estimators, the
procedure is usually computationally intensive and may introduce additional errors in its
coverage probabilities.

A more appealing inferential procedure that has been suggested in the literature is the
“resampling-subject” bootstrap. This approach has broader appeal in longitudinal analysis
since it resamples the subjects of the original data, which may preserve the intra-subject
correlations. Although its theoretical properties have not been well-understood, practical
performances of this “resampling-subject” bootstrap have been investigated by a number of
simulation studies. Let B(t) = (Bo(t), .. .,Bk(t))T be an estimator of 3(¢) constructed based
on any of the previously mentioned smoothing method. An approximate (1 — «) pointwise

percentile interval for ATF [B(t)] can be constructed by the following steps:
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1. Randomly draw n subjects with replacement from the original dataset and denote the

resulting bootstrap sample to be {(Y5, 5, XJ5); i=1,...,n,j=1,...,n;}.

2. Compute the bootstrap estimator Bb""t (t), hence ATBbOOt (t), based on the above boot-
strap sample and the smoothing method specified for B(t)

3. Repeating the above two steps B times, so that B bootstrap estimators ATBbOOt(t)

are obtained.

4. Calculate L% (t) and U%°(t), the lower and upper [100 x (cr/2)]th percentiles, respec-
tively, of the B bootstrap estimators ATBbOOt(t). The approximate (1 — a) bootstrap
interval is then (L%°(t), U%%(t)).

When ATE [B(t)] satisfies the smoothness conditions (4.34) or (4.36), simultaneous confi-
dence bands for ATE[B(t)] can be constructed using (4.35) and (4.37) with (4.32) replaced
by (Lg()/()(tM+1)(fj)v Ug(}(()g\/[.g_n(fj))'

The main advantages of this bootstrap are its generality and simplicity. It is not
limited to kernel type estimators and does not depend on the correlations and designs of
the data. Despite its potential, several related theoretical and practical issues have still yet
to be resolved. Because the biases of the estimators have not been adjusted, the resulting
intervals or bands may not always have desirable coverage probabilities for AT(t). If a
consistent estimator of the bias is also available, improved confidence regions for A 3(t)
may be obtained by adjusting the bias appeared in (Lg"/"(tMH)(fj), Ug‘;‘("}\/lﬂ)(fj)). Currently,
consistent bias estimators can only be obtained on a case-by-case basis, and no general
procedure is available. A natural alternative to the percentile end points used in Step 4 is
to consider normal approximated intervals with end points A7 3 (t) £ 2(1-q /2)§Eb00t(t), where
§Eb00t(t) is the sample standard error of the B bootstrap estimators ATBbOOt(t). Asymptotic
properties for both the percentile and the normal approximation bootstrap procedures have

not been investigated.

3.10 Application to Alabama Fetal Growth Study

Normal fetal growth is naturally thought to influence infant survival and proper child de-
velopment. Our objective is to investigate the effects of maternal risk factors and maternal
anthropometric measurements on the patterns of fetal growth. Although the outcomes

measured by fetal abdominal circumference, biparietal diameter and femur length are all
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time-dependent, the covariates of interest may be either time-dependent or time-invariant.
A typical time-dependent covariate is the maternal placental thickness measured by ul-
trasound at each visit. On the other hand, mother’s height, weight and body mass index
measured at the beginning of pregnancy, are time-invariant. Other variables, such as mater-
nal habits of cigarette smoking and alcohol consumption, may be either time-dependent or
time-invariant depending on how these variables are defined. A simple way to define time-
invariant maternal smoking and drinking status is to categorize the mothers as smokers (ever
smoked cigarettes during the pregnancy) versus non-smokers (never smoked cigarettes dur-
ing the pregnancy) and non-drinkers/light-drinkers (consumed one beer/one glass of wine
or less per day in average during the pregnancy) versus heavy-drinkers (consumed more
than one beer or one glass of wine per day in average during the pregnancy). As in most
self-reported questionnaires, the data contain the average numbers of cigarettes smoked
and the average amount of alcohol consumed per day per subject. These actual cigarette
and alcohol consumptions are clearly time-dependent as some of the participating subjects
change their behaviors during the study. Depending on the specific scientific questions,
both smoking and drinking categories and the actual consumptions could be considered in
the analysis.

For the purpose of illustration, the analysis present here focuses on the effects of mater-
nal smoking/drinking categories and placental thickness on the growth of fetal abdominal
circumference. Other covariate and outcome measurements can be similarly investigated,
provided that the models have clear and meaningful biological interpretations. Although
the general trend of Figure 1 shows an upward growth pattern, it hardly provides any clue
on the relationship between fetal growth and the covariates of interest. A nonparametric
analysis with (1.2) seems a natural start.

Let Y(t) and X™M(t) be the fetal abdominal circumference and placental thickness,
respectively, at t weeks of gestation; X ) and X®) be the mother’s drinking and smoking

categories defined by

Y@ _ 1 if she is a non-drinker/light-drinker, B _ 1 if she is a smoker,
~ ] 0 if she is a heavy-drinker, ] 0 otherwise;

and X be the mother’s height (in centimeters) at the beginning of the pregnancy.
In view that proper placental development may also be affected by drinking and smok-

ing, we first consider the effects of the time-invariant covariate vector X = (1, X®@ x6) X(4))T.

41



Although we can fit (1.2) directly with (Y'(¢),¢, X) and describe the covariate effects by
B(t) = (Bo(t), Ba(t), Bs(t), Ba(t))T, a better biological interpretation can be obtained if X )
were replaced by its centered version X4 = X4 — B[X @], so that the covariate effects
are characterized by B*(t) = (85(t), B2(t), B5(t), B4(t))T. For the latter case, the baseline
coefficient curve (§(t) represents the mean abdominal circumference at ¢ weeks of gesta-
tion for a non-smoking and non-drinking/light-drinking mother whose height is at average,
while, for the former, (§y(t) itself does not have a biological interpretation.

To fit model (1.2) with (Y (¢), ¢, X®), X® = (1, X3, X6 XCNT | we computed
Xi(*4), i = 1,...,1475, by subtracting the sample average of {Xj(»4); j = 1,...,1475}
from Xi(4). Figure 2 shows the estimated coefficient curves, including the baseline growth
curve and the covariate effects characterized by alcohol consumption, cigarette smoking
and mother’s height, and their corresponding 95% simultaneous confidence bands. These
coefficient curves were computed using the componentwise estimators of (4.16) with the
Epanechikov kernel, the cross-validated bandwidths described in (4.22) and w; = 1/(nn;).
It is worthwhile noting that in this data set the numbers of repeated measurements, most
of which are around 4, are much smaller compared with the number of subjects n = 1475.
Thus, asymptotic results obtained by assuming n tending to infinity and n; remaining finite
are expected to give adequate approximations. For kernel smoothing estimators, this means
that both w; = 1/(nn;) and w; = 1/N lead to very similar estimates, and the inter-subject
correlations can be ignored in the asymptotic variances of the estimators. Thus, no covari-
ance estimators are needed in the construction of asymptotically approximate confidence
bands. Based on the same kernel and bandwidths used in the coefficient curve estimates, the
simultaneous confidence bands were computed using the asymptotic approximation (4.35)
and the Bonferroni adjustment with M = 40 and ¢; = 5. These graphs suggest an upward
linear baseline curve (;(t) and undetectable effects from alcohol consumption, cigarette
smoking and mother’s height. However, because the confidence bands used here tend to be
conservative, they may not be sensitive enough to detect small influences of the covariates.
The curve estimates and their corresponding confidence bands can also be computed using
the least squares kernel method of (4.6). These results are omitted from the presentation,
because they are similar to the ones shown in Figure 2.

The above nonparametric results, i.e. graphs shown in Figure 2, suggest that the rela-

tionship between fetal abdominal circumference Y'(t), gestational age ¢, alcohol consump-

42



Time Effect Alcohol Effect

o n
< !
o
Rl
P =]
6 &,
3 ) o =
N C 1) [t
E e
2 2 —— ———-
8 g
e °3
n
i
15 20 25 30 35 15 20 25 30 35
Time(weeks) Time(weeks)
Smoking Effect Height Effect
o ~
o
g ‘-c
g 2
hw =)
| =—— 7~ = S -
o e B B i — —
,6 ~ - — . _ [y
N T g
[0} Ll
39 '
3 o
15 20 25 30 35 15 20 25 30 35
Time(weeks) Time(weeks)

Figure 2: Solid lines: componentwise kernel estimates of the coefficient curves (covariate
effects) computed using the Epanechnikov kernel, the cross-validated bandwidths and w; =
1/(nn;). Dashed lines: the 95% Bonferroni-type confidence bands.

tion X (), cigarette smoking X ®) and centered maternal height X *4) can be reasonably

described by the linear model
Y (t) = Boo + Bort + 2 X @ + B X 4 B XD ()

with unknown parameters (Boo, Bo1, 2, 03, $4) and a mean zero error process €(t). This
model can be fitted using the Mized-Effects Procedure in S-plus (Bates and Pinherio, 1999).
Table 1 shows the parameter estimates and the corresponding standard errors computed
from the above linear model and the S-plus procedure. The results from this linear model
suggested clearly non-significant effects for alcohol consumption and maternal height and
a very weak, but slightly positive, effect for cigarette smoking. The weak smoking effect
shown in this linear analysis is likely caused by the random variations of the data, rather
than any substantial association between fetal size and smoking. These results generally

agree with the findings obtained from the above nonparametric analysis.

43



Table 1: Parameter estimates and their standard errors computed using the Mized-Effects
Procedure in S-plus.

Parameter Estimate Standard Error Z-ratio

Boo 26.5496 0.0614 ~106.5880
Bot 1.0645 0.0021 496.1262
Bs 0.0026 0.0551 0.0478
Bs 0.1009 0.0516 1.9555
Ba 0.0007 0.0035 0.1996

When placental thickness X (1)(15) is added to the model, smoothing has to be carried out
with time-dependent covariates. In order to obtain a meaningful biological interpretation for
the baseline coefficient curve, we use the centered covariate X 1 (t) = X (M(t) — E[X1(t))],
the difference between a subject’s placental thickness at time ¢ and the conditional mean
at t. To avoid starting with a model that has too many covariates, we consider first fitting
(1.2) with (t, X*D(¢), X)) as the covariate vector. The top panel of Figure 3 shows
the estimated coefficient curve for X *1)(t) computed using the kernel method of (4.11)
with the standard Gaussian kernel, the cross-validated bandwidths and w; = 1/N. This
estimate appears to be undersmoothed, as it can not be explained by a clear biological
interpretation. An alternative, perhaps biologically more transparent, estimated coefficient
curve of X (*1)(75), shown in the bottom panel of Figure 3, is computed using the same method
except with bandwidth vector (71, ho, h1, hs) = (1.5,1.0,2.0,1.0). This bandwidth vector
was chosen because its cross-validation score was very close to that of the cross-validated
bandwidths. Bootstrap percentile intervals are used to demonstrate the variability of the
estimates, while inferences based on asymptotic approximations are still not yet available
for this type of estimators.

Figure 3 suggests, at least qualitatively, some positive association between placental
thickness and fetal abdominal circumference. The estimated coefficient curve for the cen-
tered maternal height X (*4)(15) stays constantly close to zero, suggesting a non-significant
effect for the maternal height. The estimated baseline coefficient curve is also very close to
the one presented in Figure 2. Hence, these curves are omitted from the presentation. Also
omitted are the analysis with the mother’s drinking and smoking status, X 2 and X,

added to the model, as their effects are very similar to the ones shown in Figure 2.
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Figure 3: Solid lines: estimated coefficient curve (covariate effect) for placental thickness,
computed using (4.11) with the standard Gaussian kernel, w; = 1/N, cross-validated band-
widths (top panel) and bandwidth vector (1, ho, k1, ha) = (1.5, 1.0,2.0, 1.0) (bottom panel).
Dashed lines: the 95% pointwise intervals computed using the “resampling-subject” boot-
strap percentiles.
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3.11 Application to BMACS CD4/HIV Study

Let t;; denote the ith subject’s time length (in years) for his jth measurement since HIV
infection. Our objective is to evaluate the effects of two factors, the pre-HIV infection CD4
percent X () and the smoking status X (2)(15), on the post-HIV infection depletion of CD4
percent Y (t) over time. The first covariate X (1) does not depend on the time since HIV
infection. The second covariate X (2)(15) equals 1 if the subject is classified as a smoker at
time t and zero otherwise. Because some of the subjects change their smoking habits during
the study, X (2)(15) is a time-dependent variable. Owing to the lack of an existing parametric
or semiparametric model that is known to describe the scientific relevance between these
variables, it is reasonable to consider an initial analysis with the nonparametric model (1.2).

The same rationale used in the analysis of the ASGA study suggests that, in terms
of biological interpretability, the center variable X *1) = X(1) — E[X ()] is more preferable
than its uncentered version X () in the model (1.2). However, because X (?)(t) is a time-

)

dependent binary variable, it is unnecessary to be centered. Thus, with Xi(>kl estimated
by subtracting the corresponding sample mean from Xi(l), the model (1.2) can be fitted
with the data {(Yi;,ti;, Xj5); ¢ = 1,...,400,5 = 1,...,n;}. The baseline coefficient curve
B (t) represents the mean CD4 percent at ¢ years after the infection for those who are non-
smokers at time ¢t and have average level of CD4 percent before the infection. The effects
B%(t) and Ba(t) of XD and X 3)(t), respectively, can be interpreted the usual way.
Besides the difference in covariate centering, there is another important difference in
the estimation and inferences between this and the previous example. The numbers of re-
peated measurements in this data set can not be simply ignored compared with the number
of subjects. Thus, at least for the known case of kernel estimation, the asymptotic approxi-
mations assuming n tending to infinity and n; remaining bounded may not lead to adequate
estimators of the variances, although both w; = 1/(nn;) and w; = 1/N seem to be reason-
able weight choices. Because the correlation structure of the data is completely unknown
and difficult to be estimated accurately, Wu, Chiang and Hoover (1998) suggested that it is
appropriate in this case to obtain conservative Bonferroni-type bands with the covariance
pe(t) in (4.28) replaced by the variance o(t), an upper bound for |p.(t)|. The graphs in
Figure 4 show the individuals’ depletion of CD4 percent over time, the estimated coefficient

curves and their corresponding conservative Bonferroni-type 95% asymptotic confidence

bands. The estimated coefficient curves were computed using (4.6) with Epanechnikov ker-
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Figure 4: (a) Individuals’ CD4 percent versus time (in years) since HIV infection. (b)-
(d) Estimated baseline CD4 percent, coefficient curve for smoking and coefficient curve for
pre-HIV infection CD4 percent (solid curves) and their corresponding 95% simultaneous
confidence bands (dotted curves).

nel, the cross-validated bandwidth and the w; = 1/N weight. The confidence bands were
computed using (4.30) and (4.35) with M = 138, ¢; = 3 and p.(t) replaced by o%(t). The
same kernel and bandwidth used in computing (4.6) were also used in computing all the
plug-in kernel estimators required in (4.30).

Figure 4(b) shows a declining baseline CD4 percent curve over time since HIV infection,
which coincides with the basic trend suggested by the plot shown in Figure 4(a). The
simultaneous band for the coefficient curve of the pre-infection CD4 percent stays positive
at least for the first four years after HIV infection, suggesting strongly the benefit of high
pre-infection CD4 level for the initial period since the infection. However, the positive

effect of the pre-infection CD4 percent on the post-infection CD4 percent appears tapering
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down at the later stage of the infection. Although the estimated curve in Figure 4(c) stays
positive throughout the seven-year time range considered in this data set, the confidence
band obtained for this curve does not show any significant positive association between
cigarette smoking and post-infection CD4 level. This may be either caused by the weak
association between these two variables or the conservative nature of our confidence bands.
Clearly, our findings here only provide some exploratory insights on the data. Biomedical
implications and parametric models that provide additional meaningful descriptions of the
biological mechanisms have to be further developed and independently confirmed by other
studies. Nevertheless, the usefulness of nonparametric regression, particularly the varying-
coefficient models, in the initial exploration of longitudinal data is transparent, as was shown

in this and the previous examples.

3.12 Discussion and Further Remarks

This section has presented a series of parametric, semiparametric and nonparametric models
and their estimation and inferential methods for the analysis of longitudinal data. These
methods have a wide range of applications in biomedical studies. Theory and methods
for parametric models, particularly the linear models, have been extensively studied in the
literature. Estimation and inferences based on parametric models can be easily implemented
using existing statistical software packages, such as SAS and S-plus. Methods based on
semiparametric and nonparametric models, on the other hand, represent the most current
progress in this active research field.

The nonparametric estimation and inferential methods introduced here are all based
on the general framework of varying-coefficient models. These methods have the advantage
of being flexible while applicable to large longitudinal studies. Smoothing methods for these
models have been developed using local polynomials and splines, each has its own advan-
tages and disadvantages in practice. Generally speaking, the componentwise smoothing
methods are flexible and computationally feasible when the covariates are time-invariant,
while methods based on ordinary and penalized least squares and basis approximations can
be applied to models with both time-dependent and time-invariant covariates. Pointwise
and simultaneous confidence bands for the coefficient curves can be constructed using ei-
ther asymptotic approximations or the “resampling-subject” bootstrap. The asymptotic

confidence procedures have only been developed for the kernel methods. The “resampling-
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subject” bootstrap may in principle be used with any smoothing estimators. However,
despite the usefulness of this bootstrap shown by a number of simulation studies, its theo-
retical properties have not been investigated. The approach of two-step smoothing appears
to be useful to overcome some of the drawbacks of the ordinary least squares. But, in
order for this approach to be useful in an unbalanced longitudinal study, further research is
needed to establish specific methods for calculating the raw estimates and the asymptotic
properties of the final estimators. Finally, a practical consideration is the use of the uniform
weight w; = 1/N versus the uniform subject weight w; = 1/(nn;). Although none of these
weight uniformly dominates the other in all the longitudinal designs and an ideal weight
may depend on the unknown correlation structure and how fast n;, i = 1,...,n, tending
to infinity relative to m, simulation studies that have been reported in the literature so far
suggest that both weight choices are appropriate when all the subjects have approximately
the same numbers of repeated measurements, while the w; = 1/(nn;) weight is usually
preferred when the numbers of repeated measurements differ from each other significantly.

There are a number of topics that warrant further investigation. First and foremost,
although estimation and confidence tools are important in longitudinal analyses, methods
that are enormously useful in biomedical studies are testing procedures that can evaluate
the statistical evidence for different hypotheses. Such procedures distinguish a parametric
submodel that explains a given scientific hypothesis from the general nonparametric model.
The main task of decision making is to determine the distributions of the appropriate test
statistics. Another practically important problem is to improve the confidence procedures.
The procedures presented in this article are known to be conservative, which often hinders
their usefulness in practice. Further work needs to focus on reducing the widths of the bands
while maintaining satisfactory coverage probabilities. Finally, in view that the varying-
coefficient models are still inadequate for a number of longitudinal settings, there is a need
to further extend these models. A useful extension is to consider regression models where
the outcome variable depends on the history as well as the current values of the covariates.

All the estimation and inference methods will have to be redeveloped for this extension.
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4 Nonparametric Models for Distribution Functions
4.1 Motivation and Justification

The regression methods discussed in Section 2 and Section 3 are generally based on mod-
eling the conditional mean and covariance structures of the response variables given a set
of covariates, which could be either time-varying or time-invariant. Since the mean and
covariance structures could be either parametric or nonparametric, the conditional-mean
based regression models are undoubtedly the primary tools in a longitudinal analysis, and
constitute the majority of techniques developed in the literature. Although popular in prac-
tice, this class of methods could be inadequate when the conditional means and covariances
are ill-suited for answering the scientific questions being investigated. Such scenarios could
arise when the scientific objectives are defined by the outcome variables through their con-
ditional distribution functions which can not be adequately approximated by the normal
distributions.

The NGHS data of Example 3, Section 1.3, is a typical example where many relevant
scientific questions would better answered by evaluating the conditional distribution func-
tions. As described in Section 1.3, an important objective of the NGHS is to evaluate the
effects of age, race and obesity on several cardiovascular risk factors and the temporal trends
of cardiovascular health status determined by the corresponding risk factors, such as blood
pressure (BP) and hypertension, during adolescence. Since the conditional distributions
of the cardiovascular risk factors observed in the NGHS are unknown a priori and usually
non-Gaussian, statistical inferences for the effects of age, race and obesity on the conditional
means of these risk factors may not have meaningful clinical interpretations, because statis-
tical effects on the conditional means may not have direct implications on the distributions
of cardiovascular health status for the population of interest. A more meaningful approach
is to investigate the statistical effects of age, race and obesity on the distributions of the
risk factors, so that various options of clinical interventions may be explored to reduce the

chance of developing undesired health status.

4.2 Unstructured Conditional-Distribution Models

Let F[y|X(t)] = P[Y(t) < y|X(t),t] be the conditional cumulative distribution function
(CDF) of Y () given {t, X(¢)}. If there is no structure imposed on the relationship between
{t,X(t)} and F;[y|X(t)], the estimation of F;[y|X(t)] based on the longitudinal sample
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{(Yij, tij, X45) - i =1,...,n,j = 1,...,n;} may be carried out by extending the kernel
methods of Hall, Wolff and Yao (1999) to the current sampling framework. This extension
may be straightforward when the number of covariates involved in X(¢) is small, for ex-
ample, K = 0 or 1. In particular, when K = 0, the univariate local logistic method and
adjusted Nadaraya-Watson Estimator described in Section 3 of Hall, Wolff and Yao (1999)
may be directly applied. When K > 1, the multivariate estimators described in Section
3.2 of Hall, Wolff and Yao (1999) have to be considered. However, as noted in Hall, Wolff
and Yao (1999), when the number of covariates K is large, the multivariate kernel smooth-
ing methods may be computationally unstable due to the well-known problem of “curse
of dimensionality” (Fan and Gijbels, 2006, p.264). In addition, statistical results and in-
ferences obtained from a completely unstructured nonparametric estimator for Fi[y|X(¢)]
could be difficult to interpret in practical situations. These potential drawbacks, namely
computational instability and difficulty in interpretations, often render the unstructured
smoothing estimation of Fy[y|X(¢)] impractical. The rest of this section describes the es-
timation and inference based on a class of structural nonparametric models for Fi[y|X(t)],

the time-varying transformation models.

4.3 Time-Varying Transformation Models

Transformation models with time-to-event data have been studied extensively in survival
analysis. Methods of estimation and inference with various right-censored time-to-event
data may be found in Cheng, Wei and Ying (1995, 1997), Lu and Ying (2004), Lu and
Tsiatis (2006), and Zeng and Lin (2006), among others. In contrast to the conditional-mean
based regression models, the transformation models provide a class of functional structures
for the conditional CDFs, which has been shown to be an effective dimension-reduction
strategy to approximate the conditional distribution functions.

By extending the varying-coefficient approach to the transformation models, Wu, Tian
and Yu (2010) suggests that F;[y|X(¢)] can be modeled by the time-varying linear transfor-

mation models of the form:

g{SelyIX (O]} = h(y, t) + X (t) B(t), (4.1)

where ¢(-) is a known decreasing link function, Si[y|X(t)] = 1 — Fi[y|X(t)], h(-,-) is a
unknown baseline function strictly increasing in y, 8(t) = (Bo(t), .. .,ﬁK(t))T, and [(t)

are smooth functions on the time range 7. For each fixed ¢t within the time range, the
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model (4.1) is a semiparametric linear transformation model with a nonparametric baseline
function h(y,t) and the linear coefficients (Gy(t), .. .,ﬁK(t))T. The covariate effect [ (t)
at any given t represents the change of g{S;[y|X(t)]} for all y € R associated with a
unit increase of X *)(¢). Since the effect of y on Fi[y|X(t)] is summarized in h(y,t), the
covariate effects of X(®¥)(¢), k = 0,..., K, on F;[y|X(t)] are constant for all possible values of
y when t is fixed. Thus, by imposing a functional linear structure, the model complexity of
(4.1) is greatly reduced compared with that of the unstructured nonparametric conditional-
distribution models.

It is assumed throughout this section that the form of the link function g(-) is known
and chosen by the investigators depending on the goals of the specific analysis. Well-known
special cases include the proportional hazard model g{S;[y|X ()]} = log { —log [S:(y|X(t))]}
and the proportional odds model g{S:[y|X(t)]} = —log{S:[y|X(t)]/Fi[y|X(t)]}. In prac-
tice, the fitness of (4.1) may be graphically evaluated by first dividing the time range
into small time bins and then examining the linearity of the plots of g{S:[y|X(t)]} ver-
Sus X(k)(t) for k = 0,..., K and t within all the time bins. Estimation and prediction
based on the model (4.1) with unknown link function g(-) deserve substantial investiga-
tion, but these results have not been well-established in the present literature. To sim-
plify the notation, each of the n subjects is observed at a randomly selected subset of
J > 1 distinct design time points t = (¢(1), .. .,t(J))T. Since not all the subjects are ob-
served at every t(;, S; denotes the set of subjects whose observations are available at
time t(;), Z = {Yi(ty)), Xi(ty))s tgy; @ € Sj, j = 1,...,J} the longitudinal sample of
{Y(t),X(t),t € T}, and D = {X;(t()), t(y; 4 € Sj, j = 1,...,J} the set of observed
covariates. Here Yj(t(;)) and X;(t(;)) = (Xio(t(j)), - - -» Xir (t(;)))T are the outcome and co-
variate vector, respectively, at t(;y for the ith subject when i € S;. Let m; = #{i € S;} be
the number of subjects in Sj, and mj,;, = #{i € Sj, N Sj,} the number of subjects in both
S;, and Sj, when j; # jo. Clearly mj j, < min(mj,,mj,).

The main results of this section are focused on the estimation and inference of the time-
varying covariate effects 3(¢) in (4.1) and the practical interpretations of the statistical
results. In addition to the estimation of (3(¢), nonparametric smoothing estimation and
prediction of h(y,t), Fily|X(t)] and their functions, such as the conditional quantiles, also
have important applications in biomedical studies. For example, appropriate nonparametric

predictors of Fi[y|x] for any given X(t) = x may be used to identify subgroups of the
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population who may have excessive risks at different time periods. But, methods and theory
for the nonparametric estimation and prediction of h(y,t), F;[y|X(¢)] and their functions
based on (4.1) are currently still under development, hence, are not included in the present
discussion. In survival analysis with the linear transformation models, most estimation
methods are developed for time-to-event data with random censoring, for example, Cheng,
Wei and Ying (1995, 1997). In longitudinal studies, however, repeatedly measured outcome
variables and covariates are usually not censored, although censoring remains a theoretical
possibility. Thus, in the estimation of 3(¢) in (4.1), none of the variables in the dataset are

censored.

4.4 Two-Step Smoothing Methods

As discussed above, when ¢ is fixed, the model (4.1) reduces to the linear transformation
model of Cheng, Wei and Ying (1995), so that ((t) may be estimated by the estimating
equations developed in their paper. When t changes within 7, a useful smoothing method
for the estimation of the coefficient curves in (4.1) is to first compute a set of raw estimate
the coefficient curves at time design points t, and then compute the smoothing estimates

of the coefficient curves at t € 7 based on the raw estimates at t.

4.4.1 Raw Estimates of Coeflicients

The coefficients 3(t(;)) of (4.1) can be estimated by adapting the estimating equations of
Cheng, Wei and Ying (1995) to the observations at t(;y. Denote

&) = 9{ S, [Yilt) ‘Xi(t(j))} 3
It can be verified from
Pleig) < ulXilt), )| = P{ St [Yilt) | Xilt))] = 97 @) [Xit) ) |

and the similar derivation used in the equation (1.4) of Cheng, Ying and Wei (1995), that
(4.1) is equivalent to

h{[Yilt) b | = =X (6G)8() + i, (12)
where ¢;(;) are random errors with distribution function G(-) =1 — g 1(). Let
Zinia (b)) = vy (o) 2V ()1 Kiniia () = X (8)) — X ()
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and £(s) = [Z0 {1 — G(t + s)}dG(t). It follows from (4.2) that

E | Zini(t)| Xi Xios t)| = P{B|Yi () 1] = Vi () 1] | Xins Xt
= Plei i) — i) = X (b)) Bt
= ¢ |XT (0B8] - (4.3)

A raw estimator for 5(t(;)) is a solution B(t(j)) to the estimating equation
Y Ui [B(t(j))} =0, (4.4)
i17ﬁi2€$j

where, with w(-) being a known weight function,

Usia |B(t))| = w [XE 1, (1)) B G) | Xivsia (t5){ Zir i (1)) — € X T, s (b)) B (1)) }-

It has been shown in Cheng, Wei and Ying (1995, Section 2 and Appendix 1) that,
if the weights w(-) are positive, their estimating equation has asymptotically a unique
solution, and when w(-) = 1 and the matrix Y > Zing;» of their equation (2.1) is positive
definite, their estimating equation has a unique solution. For each fixed (;), the estimating
equation (4.4) is identical to the estimating equation (2.2) of Cheng, Wei and Ying (1995)
without censoring, so that the conclusions of uniqueness and asymptotically uniqueness of
the solutions also hold for the estimating equation (4.4). Although the explicit expressions
for the finite sample mean and variance of B(t(j)) are not yet available the asymptotic
properties of 3 (t(;)) for a fixed time point ¢;y are the same as properties developed in Cheng,
Wei and Ying (1995). When different time points in t are involved, the potential intra-
subject correlations of the data imply that our raw estimators at different time points are
potentially correlated. Large sample approximations of the mean, covariance and variance
of B(t(j)) are presented later in this section.

It is worthwhile to note that the assumption of having J distinct design time points
t = (ta), - J))T is a mathematical simplification for the purpose of simplifying the
theoretical discussion. In practical biomedical samples, the design time points are usually
not prespecified, and t may be chosen from a practical round-off of the time points based
on biological or clinical justifications. When the number of distinct time points is large and
there are very few subjects observed at t;, the raw estimates B(tj) may not exist at some
time points ¢(;). In such situations, a practical approach is to group the observed time points

into small time bins with ¢(;) being the center of the jth time bin, so that the raw estimates
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can be computed at each bin. Fan and Zhang (2000) considered this binning approach
for a two-step estimation with conditional-mean based varying-coefficient models. When
a binning method is used, we require the bin sizes to be small so that the raw estimates
are undersmoothed relative to the smoothing parameters computed in the smoothing step.
Practical effects of various bin choices deserves have not been systematically investigated.
We assume throughout this section that t already contains the centers of the properly
chosen time bins, so that no further binning is necessary. A practical implication of this
assumption is that there are sufficient numbers of subjects having observations at all the

time points in t.

4.4.2 Smoothing Estimates of Coefficient Curves

Based on the raw estimates at time points t = {t1), ..., %)}, a smoothing estimator of 3(t)
can be constructed for all t € 7. To see why the smoothing step is necessary in addition to
the raw estimates, it is important to note that the raw estimates are only for the coefficients
at {t(l), .. .,t(J)} and the smoothing step computes the curve estimates for all ¢t within 7.
In addition, the raw estimates often have large variations over different time design points
and such “spiky” estimates generally do not have meaningful biological interpretations.
Through the smoothing step, the resultant estimators have reduced variations by sharing
information from the adjacent time points.

Applying the least squares kernel approach of Section 3.2 to the raw estimates (3 (t)
for j =1,...,J, a kernel estimator of 34(t) for 0 < d < K can be obtained by

~ STy Balt)) Kn(t — 1)
£ =
00 = =T K- 1)

where Kj(s) = (1/h)K(s/h) and K (-) is a non-negative kernel function. Given the known

) (4.5)

drawbacks of potentially having large boundary biases for kernel estimators (Fan and Gi-
jbels, 1996), a more preferable smoothing approach for the estimation of G4(¢) is through
the local polynomial method. More generally, if 54(¢) is (Q + 1) times continuously differ-
entiable with respect to t, a local polynomial estimator of the ¢qth derivatives of ﬁc(lq) (t) is

given by

J
Bt = 3" we0ui(tyy, Balt ), (4.6)

j=1

where wy g +1(t(j), t) is determined by the smoothing method.
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When ¢ = 0, Bd(t) = Bc(lo)(t) are local polynomial estimators of (34(t), and specific
choices of wgyq+1(t(j),t) in (4.6) determine the smoothness and statistical properties of
the smoothing estimators. Let C; = (1, —t,..., (t;) — HOT, C = (Cy,...,C))T, W; =
K{(tjy—t)/h} with K(-) being a non-negative kernel function, and W = diag(W1, ..., Wy).

The weight function for the gth order local polynomial estimator of (4.6) is
wq7Q+1(t(j), t; h) = q!eg_f_LQ_’_l(CTWC)_leWj, j = 1, ey T, (47)

where eg41.0+1 = (0,...,0,1,0,...,0)7 with 1 at its (¢ + 1)th place. This expression, (4.7)
is the same as Equation (3.5) of Fan and Zhang (2000).

Coefficient curves in the conditional-mean models may also be estimated by a “one-
step smoothing method”, such as Hoover et al. (1998), Lin and Carroll (2000) and Wu
and Chiang (2000). Since the estimation of (4.1) is generally obtained through rank-based
methods, similar one-step smoothing methods are not yet available for the current setting,
because there currently lacks a rank-based smoothing method which does not depend on
the initial raw estimation. The two-step smoothing approach is considered in Wu, Tian
and Yu (2010) because it is computationally simple. This two-step approach is also capable
of automatically adjusting different smoothing needs for different coefficient curves. A
potential drawback, however, is that the two-step smoothing approach often requires that
there are sufficient observations available at each time design point ;).

In practice, it is often important to estimate and predict the conditional quantiles
and cumulative distributions of the response variable Y (¢) at given covariates {X(t),t}.
Under this circumstance, this implies that there is a need to construct a nonparametric
estimator of h(y,t) that is monotone increasing or “order-preserving” in y for all t € 7.
In principle, h(y,t) can be estimated by smoothing some raw estimators obtained at the
distinct time points {t(;; j = 1,...,J}, and a set of raw estimators can be constructed
using the approach described in Cheng, Wei and Ying (1997). However, as demonstrated in
Hall and Miiller (2003), the local polynomial method does not automatically lead to “order-
preserving” smoothing estimators except for the simple case of kernel estimators with non-
negative kernels. The construction of “order-preserving” nonparametric estimators for the
conditional quantiles and cumulative distribution functions based on (4.1) require different

methods and theory from the ones used in this section.
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4.4.3 Bandwidth Choices

The choices of bandwidth h in (4.5) and (4.7) are crucial for obtaining an appropriate
smoothing estimator. In practice, subjective bandwidths may be chosen by examining the
fitted curves and evaluating the specific clinical settings. Although subjectively chosen
bandwidths may lead to scientifically meaningful estimators, data-driven bandwidths are
often required as a useful alternative bandwidth choice in practical studies.

For conditional-mean based regression models, a popular choice for selecting band-
widths with longitudinal data is the “deleting-subject” cross-validation (CV) approach,
which deletes the entire observations of a subject one at a time, e.g., Hoover et al. (1998)
and Wu and Chiang (2000). Extending the CV approach to our setting, we consider here
two CV methods for selecting the bandwidths in (4.5) and (4.6) based on the data. The first
approach is a direct extension of the “deleting-subject” CV bandwidth, which minimizes
the cross-validation score

CVz(h Z > [Zihiz(t(j))_f{Xz,ig(t(j))B—(iLiz)(t(j)?h)H2v (4.8)

J=li1#£i2€S;

where B_(ihiz) (t(;); h) is the two-step local polynomial or kernel estimator computed with all
the observations from the subject pair (i1, 42) deleted and h = (hq, ..., hp)T is the vector of
bandwidths for (Bo(t), .. .,B D (t))T. In practice, it can be computationally intensive when
(4.8) involves a large sample size n. An alternative approach to speed up the computation
is to replace (4.8) with a “M-fold” cross-validation score, which is calculated by deleting a
block of subjects each time. To do this, we randomly divide the subjects into M blocks,

{b(m); m=1,..., M}, and compute hcy, which minimizes

M
vy my =3 %" > (Ziin(t0) — €{XT 1y () Bsimy (15} (49)

J=1m=1 4,4y ESj;(ilyiQ)eb(m)

where B_b(m) (t(j); h) is the two-step kernel or local polynomial estimator computed with
the entire block b(m) deleted.

In both (4.8) and (4.9), CVz(h) and CVZ(M)(h) are minimized over h = (ho, ..., hx)?,
which could still be computationally intensive when K is large. Another approach, which
relies on a component-wise approach, is to find a CV bandwidth, kg4 ¢y, which minimizes

J
CVp,(ha) =) {ﬁd tG)) — Ba—) (ty); hd)} : (4.10)

g=1
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for each d with 0 < d < K, where de_(j) (t(j), hq) is the smoothing estimator computed with
the raw estimate Bd(t(j)) at time point ¢(;) deleted. It is straightforward to see from (4.10)
that, by minimizing the CV scores for each d, substantial amount of computation is saved
in (4.10) compared with (4.8) or (4.9). A clear implication of (4.10) is that, by deleting raw
estimates at each time design point ¢;), it ignores the potential intra-subject correlations
of the data, and consequently the theoretical properties of (4.10) are potentially different
from the CV bandwidths obtained from (4.8) and (4.9). Theoretical properties of these CV

procedures have not been systematically investigated.

4.5 Inferences

Asymptotic distributions for the smoothing estimators of the conditional-distribution based
regression models under the current setting have not been systematically developed. Given
the lack of a reliable asymptotic result, asymptotically approximated statistical inferences
for the smoothing estimators of this section have not been established. Two difficult issues
for establishing adequate statistical inferences are: (a) correcting the potential biases of
the smoothing estimators; (b) quantifying the standard errors of the smoothing estimators.
In practice, the estimation biases are often difficult to estimate. However, it has been
shown in the literature (e.g., Fan and Zhang, 2000; Huang, Wu and Zhou, 2002) that a
“+Z1_q 2 standard error band”, which ignores the bias, can often be used to approximate a
[100 x (1 — a)]% pointwise confidence interval for a smoothing estimator. If the variances of
Bc(lq) (t) given D can be consistently estimated, say, by W{B&CD (1)|D}, a “£Z,_4 /9 standard

error band” for ﬁc(lq) (t) can be expressed as

1/2

BE(8) % Zy_apa [Tar {55 (1) D} (4.11)

To obtain an appropriate estimate W{B&q)(t)ﬂ?}, a practical approach is to use a
“resampling-subject” bootstrap in which a bootstrap sample is generated by randomly re-
sampling n “bootstrap subjects” from the original sample with replacement. Let Bc(fg (t)
be the smoothing estimator of ﬁc(lq) (t) computed from the bth bootstrap sample. The con-
ditional variance estimator W{BC(IQ)(IS)\D} are then computed by the sample variances of
{B¥(); b=1,...,B}.

An alternative approach for constructing an [100 x (1 — «)]% confidence intervals for

ﬁc(lq) (t) without using the normal approximation as in (4.11) is to use the bootstrap quantile
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intervals
(La/2v Ua/z), (4.12)

where L, /o and U, /o are the lower and upper [100 x (c/2)]th percentiles of {Bc(fg (t); b=
1,...,B}. Both (4.11) and (4.12) may be used as approximate inference tools in prac-
tice. When the sample size is large, such as the examples of Section 1.3, the approximate
confidence intervals constructed by (4.11) and (4.12) are similar and may be used inter-

changeably.

4.6 Applications to the NGHS Data

Applying the conditional-distribution based regression approach to the NGHS data, the age-
specific covariate effects of race, height and BMI on the distribution functions of systolic
blood pressure (SBP) and diastolic blood pressure (DBP) can be evaluated using the time-
varying transformation model (4.1). Before fitting the SBP and DBP data with either
a conditional-mean based regression model or a conditional-distribution based regression
model, Wu, Tian and Yu (2010) reported in a series of preliminary evaluations for normality,
including the Shapiro-Wilk tests, the Kolmogorov-Smirnov tests and visual inspections of
the quantile-quantile plots, that the conditional distributions of SBP and DBP for this
population of girls given age, race, height (in dm) and BMI (in kg/m?) were clearly not
normal. In particular, many of these conditional distributions were skewed and were rejected
for normality by the goodness-of-fit tests at 5% significance level.

The preliminary findings reported in Wu, Tian and Yu (2010) suggest that the existing
results obtained in Daniels et al. (1998) or Thompson et al. (2007) may not give an
adequate description of the covariate effects on the overall conditional distributions of SBP
and DBP. In particular, Daniels et al. (1998) used the conditional-mean regression models,
which may not be adequate for describing the effects of these covariates on the probabilities
of unhealthy levels of cardiovascular risks, and the conclusions of Thompson et al. (2007)
depend on their specific threshold choices for the outcome variables, which may not hold if
other threshold values were used. Thus, there are two major advantages for using (4.1) over
the conditional-mean based regression analyses. First, it has a flexible and parsimonious
structure to summarize the age-specific effects of these covariates on the overall distributions
of the outcome variables. Second, statistical inferences for the age-dependent coefficient

curves have the same biological interpretations as in Cheng, Wei and Ying (1995) and do
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not depend on the normality assumption of the outcome variables or the threshold values
for defining unhealthy risk levels.

Because the repeated measurements are obtained for girls between 9 and 19 years of
age, the analysis presented here is confined to the age range 7 = [9,19). For a girl at age
t € T, the outcome variable, Y (t), is either the girl’s SBP or DBP value at age ¢, and
the covariate vector is X (t) = (Race, Height(t), BMI(t))T, where Race = 0 or 1 if the
girl is Caucasian or African-American, and Height(t) and BMI(t) are the girl’s height and
body mass index, respectively, at age t. Since the visit time for this study is not regularly
spaced, it is clinically meaningful to round up the age to one tenth of a year, so that the age
range can be grouped into equally spaced bins [9.0,9.1), ..., [18.9,19.0) with time design
points t = {9.0,9.1,9.2,...,18.9}. The ith girl’s age, covariates and outcome are denoted
by {t;, Xi(t;), Yi(t;)} if her actual age at the visit falls into the bin [t;,¢;41). This binning
scheme is based on the clinical definition of age and the assumption that Height(t), BMI(t)
and Y'(¢) are smooth functions of age ¢.

In the exploratory analysis reported in Wu, Tian and Yu (2010), the odds-ratios plots
of SBP with a range of threshold values under various strata of age, race, height and
BMI showed that the proportional odds models gave reasonable approximations to the
relationships between the conditional distribution functions of SBP and the covariates X(t).

Thus, for this analysis, the following time-varying proportional odds model is considered:

P[Y(t) > ylt, Race, Height, BMI}
& P[Y(t) < y|t, Race, Height, BMI}
= —h(y,t) + Bo(t) X Race + [1(t) x Height(t) + P2(t) x BMI(t), (4.13)

where a positive (negative) value for (y(t) suggests that African-American girls tend to
have higher (lower) SBP or DBP values than Caucasian girls at age ¢, and (1 (¢) and [(a(t)
represent the changes of the log-odds of Y (t) > y associated with a unit increase of Height(t)
and BM(t), respectively, at age t.

Following the estimation procedure of Section 4.4, the raw estimates are first computed
at the time design points t = {9.0,9.1,9.2,...,18.9} with the w(-) = 1 weight, and then
the smoothing estimates B(t) = (Bo(t),ﬁl(t),ﬁg(t))T are computed using the local linear
method with the Epanechnikov kernel and the cross-validated bandwidths chosen from
(4.9) and (4.10). For the M-block CV bandwidths, ten subject blocks, M = 10, are used

to minimize the CV score (4.9). Figure 5 shows the two-step local linear estimators of
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B(t) = (Bo(t), B1(t), B2(t))T computed from the CV bandwidths based on (4.10) and the
“+1.96 standard error bands” computed from 500 bootstrap repetitions. In order to ease
the computational burden, the CV bandwidths obtained from the original sample are used
for the bootstrap standard error bands. The covariate effects shown in Figure 5 are similar
for both SBP and DBP. The contribution of race (y(t) is close to zero and slightly increases
with age, suggesting that African-American girls tend to have slightly higher odds of SBP
and DBP than Caucasian girls at later years. The positive estimates of (;(t) and [(a(t)
suggest that both height and BMI contribute positively to the odds of SBP and DBP. The
effects Height(t) and BM1(t) on the conditional distribution of SBP appear to decrease as
the girls are getting older. The BM1(t) seems to have different effects on the conditional
distribution of SBP and the conditional distribution of DBP. For the conditional distribution
of SBP, the effects of BM1(t), (52(t), appears decreasing linearly as t increases. For the
conditional distribution of DBP, the effects of BMI(t), (2(t), appears to be a nonlinear

function of the girl’s age t.

4.7 Discussion and Potential Extensions

The time-varying linear transformation models discussed in this section use a conditional-
distribution based regression approach for modeling the entire conditional distribution func-
tions and evaluating the covariate effects on these distributions. This approach is conceptu-
ally superior to the conditional-mean based models when the scientific objective depends on
the conditional distribution functions. As illustrated in the application to the NGHS blood
pressure data, the practical advantages of modeling the conditional distribution functions
may be generalized to other typical biomedical studies. Similar to the conditional-mean
based varying-coefficient models, the time-varying transformation models effectively reduce
the problem of “curse-of-dimensionality” and at the same time retain a high degree of
model flexibility. From the computational point of view, the two-step estimation procedure
is conceptually simple and can be carried out by combining the existing rank-based estima-
tion procedures in survival analysis and the smoothing procedures in nonparametric curve
estimation.

Given the practical implications of conditional-distribution based regression models,
further research based on this approach is warranted. First, notice that, in the application to

the NGHS blood pressure data, the fitness of the model (4.1) is examined in an ad hoc fashion
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Figure 5: Top panels: systolic blood pressure (SBP). Bottom panels: diastolic blood
pressure (DBP). Each row shows the raw estimates, the two-step local linear estimates
(solid lines) computed with the CV bandwidths from (4.10), and their +1.96 bootstrap
standard error bands (dashed lines) for Gy(t), B1(t) and Ba(t) of (4.1).
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by a series of exploratory plots. More rigorously, appropriate goodness-of-fit tests should
be developed to formally test the adequacy of the time-varying models under appropriate
statistical hypotheses. Second, the model (4.1) considered in this section involves only a
univariate outcome variable. In many situations the scientific objective is better described
through the joint distributions of a multivariate outcome variable. Extensions to conditional
distributions with multivariate outcome variables warrant further investigation. Third, the
two-step procedure discussed in this section is limited to the estimation of the covariate
effects over time. Smoothing methods for the estimation and prediction of conditional
distributions and conditional quantiles have useful applications in longitudinal studies and

should be developed as well.

5 Regression Methods for Outcome-Adaptive Covariates

It is well-known in the literature (for example, Pepe and Anderson, 1994) that when the
values of a covariate depend on the outcome values at the previous time points, the wide
range of conditional-mean based regression methods of Section 2 and Section 3 may lead to
unsatisfactory results. This type of covariates, whose values may depend on the previous
outcome values, are referred herein as “outcome-adaptive” covariates. As a special case of
longitudinal analysis with “outcome-adaptive” covariates, this section presents the mod-
eling and estimation approaches for longitudinal data with the presence of a concomitant
intervention. After a brief introduction of data with a concomitant intervention, the rest of
this section summarizes the similarities and differences between the modeling approaches
of Wu, Tian and Bang (2008) and Wu, Tian and Jiang (2011) and their corresponding

estimation and inference procedures.

5.1 Outcome-Adaptive Covariates

For longitudinal clinical trials with randomly assigned study treatments, longitudinal effects
of the study treatments are modeled through a time-invariant categorical covariate vector,
while other factors of interest, such as age, gender, ethnicity and disease risk factors, can be
modeled through either time-invariant or time-dependent covariates. In many longitudinal
studies, some time-dependent covariates are “outcome-adaptive” in the sense that their
potential values at a time point may depend on the values or time-trends of the outcome

variable prior to that time point.
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A typical scenario which involves “outcome-adaptive” covariates is the presence of
concomitant interventions in longitudinal clinical trials. Unlike the study treatments of a
clinical trial which are randomly assigned to the study subjects, concomitant interventions
are not randomly assigned, because they are initiated, usually due to ethical reasons, to
study subjects who exhibit less satisfactory trends in their health outcomes. The scenario of
concomitant interventions bears some similarities to longitudinal studies with informative
missing data. In the case of informative missing data, the study subjects with undesirable
outcome time-trends tend to drop out from the study earlier than those with more desirable
outcome time-trends. The only difference is that, in studies with concomitant interventions,
the outcomes of the study subjects continue to be observed after the start of the concomitant
interventions. In a randomized longitudinal clinical trial with randomly assigned study
treatments, study subject who have taken a concomitant intervention in addition to their
assigned study treatments may generally have different disease pathology from those who
do not need the concomitant intervention. Thus, in addition to the primary objective
of evaluating the effects of the study treatments, an important secondary objective is to
evaluate the effects of the additional concomitant interventions on the outcome variables of
the study populations.

The Enhancing Recovery in Coronary Heart Disease (ENRICHD) Study described in
Example 4 is a typical example which involves a concomitant intervention in addition to
the randomly assigned treatment regimens. In this randomized clinical trial for evaluating
the efficacy of a six-month cognitive behavior therapy (CBT) versus usual cardiovascular
care (UC), the Beck Depression Inventory (BDI) scores for patients in the CBT arm were
repeatedly measured at weekly visits during the treatment and four yearly follow-up visits,
while BDI scores for patients in the UC arm were only measured at baseline, the six-month
visit and the yearly follow-up visits. By the study design (ENRICHD, 2001), pharmacother-
apy with antidepressants was allowed as a concomitant intervention in both the CBT and
the UC arms if a patient had high baseline BDI scores or nondecreasing BDI trends five
weeks after enrollment or antidepressants were requested by the patient or the primary-care
physicians. Although Taylor et al. (2005) reported that pharmacotherapy improved sur-
vival among 1834 depressed ENRICHD patients, their results, however, did not address the
question of whether pharmacotherapy was beneficial for lowering the patients’ depression

severity.
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Using the repeatedly measured BDI scores in a subsample of 91 ENRICHD patients in
the CBT arm who received pharmacotherapy within the treatment period, Wu, Tian and
Bang (2008) showed that the naive mixed-effects models gave misleading results for the
pharmacotherapy effects on the BDI trends over time, and proposed a varying-coefficient
mixed-effects model to reduce the potential bias associated with the estimated pharma-
cotherapy effects. A main drawback of Wu, Tian and Bang (2008) is the potential loss of
information because their regression model can not be applied to patients who have already
received pharmacotherapy at baseline or have not received pharmacotherapy during the
study.

As a generalization of the varying-coefficient mixed-effects model, Wu, Tian and Jiang
(2011) proposed a comprehensive regression method for evaluating the concomitant inter-
vention effects which is capable to incorporate information from all the study subjects in a
longitudinal study. Using the framework of shared-parameter models in Follmann and Wu
(1995), the approach of Wu, Tian and Jiang (2011) describes the covariate effects on the
response variable through a change-point mixed-effects model, and incorporates the random
coefficients and the intervention starting time (change-point time) through a series of joint
distributions. Patients who have received a concomitant intervention at baseline or have
not received any concomitant intervention during the study period are treated as censored.
A likelihood-based method is established for statistical estimation and inferences, and its
computation is implemented through a two-stage iteration procedure. Applying their pro-
cedures to the ENRICHD pharmacotherapy data, the results of Wu, Tian and Jiang (2011)
suggest that their proposed method leads to adequate estimates when a concomitant in-
tervention is present, while the naive mixed-effects model is likely misspecified under such

situations.

5.2 Structure for Data with One Concomitant Intervention

Following the notation of Section 1.2, let 7y and 77 be the beginning and ending times of a
study, and n be the total number of randomly selected subjects. The ith subject has n; visits
and observations (735, Y;;, X;) at the jth visit, where Tj;, the study time, is the time elapsed
from the beginning of the study to the jth visit, X; is a time-invariant covariate vector, and
Y;; is the real-valued outcome variable. For simplicity, we assume throughout the section

that the study involves only one concomitant intervention, and the ¢th subject can change
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from “

without concomitant intervention” to “concomitant intervention” only once during
the study with S; being the concomitant intervention starting time or change-point time.
Let \jj = 0 or 1, if T;; < S; or T;; > S;, respectively, be the concomitant intervention
indicator for the ith subject. Since not every subject has a change-point time during the
study, the 7th subject’s change-point time is observed if Tj; < S; < Ty, If S; < Ty
or S; > Ty, the subject’s change-point time is left or right censored, respectively. The
indicator variable for censoring 51(6) is defined by 51(6) =0itTy < 8; <Thy,, 1it S; > Ty,
and 2 if S; < T;;. The observed change-point times are {Si(c) = (Si(c), 51(6)); i=1,...,n},
where 59 = §; if 6 = 0, T, if 69 = 1, and Ty if 69 = 2.

5.3 Model Formulations and Interpretations

5.3.1 Naive Mixed-Effects Change-Point Models

Since a concomitant intervention is not randomly assigned, it is understood in practice that
the effects of a concomitant intervention can not be properly evaluated by directly comparing
the outcome values between the subjects who received the intervention and those who did
not receive the intervention. This fact has been noted in ENRICHD (2003) and Taylor et
al (2005) for the ENRICHD Study. A better approach that has been suggested by Wu,
Tian and Bang (2008) and Wu, Tian and Jiang (2011) is to use a change-point model,
which assumes that the outcome variable Y;; follows different trajectories before and after
the concomitant intervention, so that the effects of the concomitant intervention can be
evaluated through the differences of the mean trajectories.

Let 110(T35, X5 a;) be the ith subject’s trajectory before the concomitant intervention,
which is parameterized by the subject-specific parameter aiT = (@i, .- -, aidO)T, dop > 1, and
let 11 (T35, Xy, Rij; bi) be the change of the trajectory after the concomitant intervention,
which is parameterized by the subject-specific parameter b; = (bs1,...,biq,)%, di > 1,
and may depend on the “intervention duration time” R;; = T;; — S; as well as Tj; and
X;. The usual mixed-effects model framework (Davadian and Giltinan, 1995; Verbeke
and Molenberghs, 2000; Diggle et al., 2002) suggests that a naive mixed-effects model for

evaluating the pre- and post-intervention trajectories can be expressed as

(5.1)

Yij = MO(YZ}ja Xisa;) + Nij o (Tij, Xi, Riji bi) + €55,
(aiTabiT) ~ joint distribution G(-),

where (al', b])? has unknown mean (o, 87)7 and covariance matrix %, ¢;; are mean zero
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random errors with cov(e;j,, €j,) = 0ijj,, and €, and €;,;, are independent if iy # is.
For mathematical convenience, the joint distribution of a; and b; may be assumed to be
multivariate Gaussian N{(a®,7)T,2}. Under (5.1), a positive (or negative) value for
p1(Tij, X, Rij; b;) would suggest that the intervention tends to increase (or decrease) the

mean of Y;j given (T’ija XZ‘, RU)
5.3.2 An Example for the Biases of Niive Mixed-Effects Models

Because the “self-selectiveness” of the intervention is ignored, Wu, Tian and Bang (2008)
shows that (5.1) can be a misspecified model even if uo(;a;), pi(-;b;), €; and G(-) are
correctly specified. Sometimes misleading conclusions may occur even under simple situa-
tions where (5.1) appears to have natural interpretations. The following simple synthetic
example illustrates the potential erroneous conclusions which may result from the standard
estimation procedures of a naive mixed-effects model.

Suppose that a longitudinal study has n = 24 independent subjects, and, for 1 <14 < 24,
j=1,...,n4 n; = 10 and Tj; = j. Let S; be the change-point time for the ith subject
changing from “no concomitant intervention” to “with concomitant intervention”, and let
Aij be the corresponding “concomitant intervention indicator” such that \;; = 0if S; < T,
and \;; = 1if S; > Tj;. For the first 12 subjects, i.e., 1 <4 < 12, their change-point time
is S; = 2, and their outcomes are generated by Y;; = 20 + ¢;; for A;; = 0and 1 < j < 2,
and Y;; = 19 +¢;; for A\;; = 1 and 3 < j < 10, where ¢;; are independent identically
distributed with the N (0, 3) distribution. For the remaining 12 subjects, i.e., 13 < i < 24,
their change-point time is S; = 8, and their outcomes are generated by Y;; = 19 + ¢;; for
Aij =0and 1 < j <8, and Yj;; = 17 +¢;5 for A\j; = 1 and 9 < j < 10, where ¢;; are
independent identically distributed with the N (0, 3) distribution. Suppose that it is known
that Y;; does not depend on Tj; for all 1 < ¢ < 24 and 1 < j < 10, T;;. Then, a special
case of the nédive mixed-effects change-point model of (5.1) which may be considered for the
current situation is

{ Yij = ai + bidij + €ij, (5.2)

(a;, b))’ ~ joint distribution G(-),
where, for all 1 <7 <24 and 1 < j < 10, ¢; are independent identically distributed with
the N(0,3) distribution, E(a;) = « and E(b;) = [ are the fixed-effects, and G(-) is an
unknown distribution. Since, for 1 < i < 12, the true effect of the concomitant intervention

is b; = —1, and, for 13 < i < 24, the true effect of the concomitant intervention is b; = —2,
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the true fixed mean effect for the population is § = —1.5, which is unknown and needs to
be estimated from the data.

Given a sample {(Y;;,T;5,5:);i =1,...,24, j = 1,...,10} generated from the above
specification, the mean and covariance parameters of (5.1) can be estimated using a number
of standard statistical analysis software packages, such as SAS and R. Although the exact
distribution function G(-) is generally unknown, adequate estimates of the mean parame-
ters {«, B} may often be obtained in practice by assuming G(-) to be a multivariate normal
distribution with a suitable correlation structure. Since the correlation structures of the
data are generally unknown, three LME procedures in the R statistical package can be used
to estimate {«, 5}: LME with working independent correlation structure (LMEWTI), LME
with random intercept (LMERI), and LME with random intercept and slope (LMERIS).
Similarly, parameter estimates can also be obtained using the generalized estimation equa-
tion procedure with three correlation structures: GEE with working independent correlation
structure (GEEWI), GEE with exchangeable correlation structure (GEEEC), and GEE with
unstructured correlation structure (GEEUC). Further details for the parameter estimations
with linear mixed-effects models can be in Verbeke and Molenberghs (2000).

To examine whether the nédive mixed-effects change-point model (5.2) can lead to ap-
propriate estimates for the mean concomitant intervention effect (3, 10,000 independent
samples of {(Y;;,T;5,9:);i=1,...,24, j=1,...,10} were generated in a simulation study.
The estimators B and their standard errors were computed from each of the simulated sam-
ples using each of the estimation procedures, namely LMEWI, LMERI, LMERIS, GEEWI,
GEEEC and GEEUC, in SAS. Table 2 summarizes the averages of the estimators and their
standard errors (SE) and the empirical coverage probabilities of the corresponding 95% con-
fidence intervals covering the true parameter 3 = —1.5 computed from the 10,000 simulated
samples and the ndive mixed-effects model (5.2). These results suggest that all these LME
and GEE procedures with different correlation structure assumptions give similar estimates
for B, which are around -0.6 and -0.7 and far from the true value of § = —1.5, with com-
parable standard errors. Consequently, the 95% confidence intervals shown in Table 2 have
low empirical coverage probabilities, which suggests that the model (5.2) leads to excessive
biases and inadequate estimates for (.

Are there simple approaches which can lead to better estimates of the mean concomi-

tant intervention effect 37 Obviously, for the simple setup considered here, one can consider
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Table 2: Averages of the parameter estimates and their standard errors (SE) and the em-
pirical coverage probabilities of their corresponding 95% confidence intervals (CI) covering
the true parameter 6 = —1.5 computed from 10,000 simulated samples with the néive
mixed-effects change-point model (5.2)

R Procedure with Empirical Coverage
Correlation Structure Estimate SE  Probability of 95% CI

LME Working Independence -0.598  0.395 37.8%
LME Random Intercept -0.731 0.403 51.0%
LME Random Intercept & Slope  -0.788  0.431 60.4%
GEE Working Independence -0.598  0.385 36.2%
GEE Exchangeable -0.709  0.385 46.7%
GEE Unstructured -0.752  0.572 43.9%

an “individual fitting” estimator of  based on (5.2), which is given by

Bt = (1/m) 2”: {Z?H (Yz‘jl[&j:ﬂ) B it (K‘jl[&j:OJ) } ' (5.3)

i=1 Z;%:l Lisi=1] Z;’Izzl Lis:;=0]

A simple application of (5.3) to our simulated samples led to estimates of 3 very close to its
true value of -1.5. However, it is known in the literature that “individual fitting” estimation
methods based on the repeated measurements separately from each subject, such as (5.3),
are generally less efficient than the well-known procedures, such as MLEs, REML estimates
and GEEs (e.g., Verbeke and Molenberghs, 2000; Diggle et al., 2002). In addition, it is also
difficult to generalize the “individual fitting” approaches to regression models with more
complicated terms and patterns than the simple cases exhibited in (5.2).

Comparing the underlying mechanism for generating {(Y;j, T3;,5i);i = 1,...,24, j =
1,...,10} with the model (5.2), one potential flaw of using (5.2) with its LME and GEE
estimation procedures is that the model does not take the potential relationship between
the change-point time S; and the values of Y;; before the change-point time, i.e., the values
of Y;; when d;; = 0. Indeed, under the real data generating mechanism, subjects with
subject-specific mean value of Y;; at j = 1 to be 20 have change-point time at S; = 2,
while subjects with subject-specific mean value of Y;; at j = 1 to be 19 have change-point
time at S; = 8. Although this fact is unknown at the estimation stage, the possibility of
the potential relationship between S; and Y;; when ¢;; is not allowed in the MLEs, REML

estimates and GEEs based on the néive model (5.2). To see whether the potential bias for

69



the estimation of § could be reduced by incorporating the change-point time .S; into the

model, we consider here the following simple generation of (5.2):

{ Yij = ao;i + a1;5; + biXi; + €5, (5.4)

(a0, az, bi) " ~ N((Oéo, ay, B)7, F),
where (o, a1, BT is the vector of mean parameters and I' is the unknown covariance matrix.
The structures of I' generally do not have major influences on the estimation of (g, a1, 3)7,
and many commonly used parametric structures may be used when implementing the esti-
mation procedures (Diggle et al., 2002). It is important to note that the interpretation of 3
is the same in both (5.2) and (5.4). Strictly speaking, the model (5.4) is not correct for the
underlying data generating mechanism, since Y;; does not depend on S; through a simple
linear model. Although (5.4) is at best a rough approximation of the true underlying data
generating mechanism, the main intent here is to evaluate whether the bias for the esti-
mation of the concomitant intervention effect can be reduced by incorporating S; into the
model. Details on the justifications of (5.4) and interpretations of its parameters are given
in Section 5.4, where it is described as a special case of the varying-coefficient mixed-effects

models of Wu, Tian and Bang (2008).

Table 3: Averages of the parameter estimates and their standard errors (SE) and the empir-
ical coverage probabilities of their corresponding 95% confidence intervals (CI) covering the

true parameter 0 = —1.5 computed from 10,000 simulated samples with the mixed-effects
model (5.4)
R Procedure with Empirical Coverage
Correlation Structure Estimate SE  Probability of 95% CI
LME Working Independence -1.498  0.485 94.7%
LME Random Intercept -1.498  0.483 94.6%
LME Random Intercept & Slopes  -1.498  0.496 95.2%

Table 3 summarizes the averages of the estimators and their standard errors (SE) and
the empirical coverage probabilities of the corresponding 95% confidence intervals covering
the true parameter 0 = —1.5 computed from the 10,000 simulated samples, the mixed-
effects model (5.4) and the same LME procedures as the ones used in Table 2. The mean
estimates for § in Table 3 are very close to the true value of § = —1.5, with comparable

standard errors in both Table 2 and Table 3. The 95% confidence intervals shown in Table

70



3 have empirical coverage probabilities which are very close to the nominal level of 95% and
much higher than the ones shown in Table 2. Clearly, (5.4) leads to much smaller bias for

the estimation of 3 than (5.2).

5.3.3 General Shared-Parameter Models

The data structure of Section 5.2 is a special case of outcome-adaptive covariates, which
involves only one concomitant intervention and each study subject has at most one change-
point from “without concomitant intervention” to “concomitant intervention”. This simple
structure of outcome-adaptiveness suggests that a natural extension for the mixed-effects
approach of (5.1) is to incorporate the initiation of the concomitant intervention into the
regression model. This extension of (5.1) can be achieved by allowing the intervention
starting time S; to be correlated with the pre-intervention random coefficients a; or more
generally {a;,b;}. Let uo(-;a;) and [uo(-;a;) + pi(-; b;)] be the subject-specific response
curves before and after the start of the concomitant intervention, respectively. With p;(-; b;)
being interpreted as the concomitant intervention effect, a shared-parameter change-point

model for the given dataset {Y;, Tj;, X;, S;} is

{ Yij = po(Tij, Xi a;) + 65 pa (Tij, X, Riji by) + €55, (5.5)

T
(aiT,biT, Si) ~ Joint Distribution,

where R;; = T;; — S;, €;; are mean zero errors with cov(ej,, €ij,) = Cijijys €irjr and €5,
are independent if i; # 45, and, conditioning on {a;, b;}, S; and {7};, X;} are independent.
In addition, we assume that {a;, b;} and {Tj;, X;} are independent. Using the matrix
representation Y; = (Y1, ..., Yin,)T and T; = (Tj1, ..., Tin,)T, the joint likelihood function
of (YT, S;)T given {T;,X;} based on (5.5) is

f(Y5, 8T, X;) = /f(Yi‘TiaXiaSiaaiabi)f(si‘aiabi) dH (a;, b;), (5.6)

where f(-|-) denotes the conditional density and H (-, ) is the joint distribution function of
{a;, b;}. The extra f(S;|a;, b;) in the integrand distinguishes (5.6) from the usual likelihood
functions for the mixed-effects models (Verbeke and Molenberghs, 2000, p24).

In (5.5), the parameters {a;, b;} are associated with both the response curves of Y;;
and the distribution of S;. The shared parameters approach was proposed in Follmann and
Wu (1995) for the purpose of modeling the behaviors of informative missing data. However,

in (5.5), the subjects are still being observed after the change-point time. The correlation
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between S; and a; suggests that the ith subject’s change-point time time is affected by the
pre-intervention response curve po(-), and the correlation between S; and b; suggests that

S; may also influence the response curve p1(-), which characterizes the intervention effects.

5.4 Varying-Coefficient Mixed-Effects Models - A Special Case
5.4.1 Formulation of Varying-Coefficient Mixed-Effects Models

The joint likelihood function (5.6) requires a known distribution function for {a;, b;, S;},
and maximizing this likelihood can be computationally intensive in practice. When all the
subjects have observed change-point times within the study period, that is, 7y < S; < 71
for all 1 <4 < n, a simpler regression method, which does not depend on the distribution
function of S;, may be considered. Since S; are observed for all 1 < ¢ < n, we can consider

the conditional distribution
F(Y3ilS;, T;, X5) :/f(Yi‘TiaXz‘aSiaaiabi)dG(aiabi‘Si)7 (5.7)

and rewrite (5.5) as a varying-coefficient model using the conditional distribution of {a;, b;}
given S;. Although puo(-) and pi(-) are allowed to take general parametric or nonpara-
metric forms, this approach is illustrated here assuming that po(-) and ui(-) are linear
functions of the form (755, X5 a;) = Zg;»ai and 1 (T35, X, Sisby) = Wiiji, where Z;; =
(Zijo, - - - Zile)T is generated by {(T;;, X;); 1 < j < ny, 6;; = 0}, and Wy; = (Wijo, .. .,
WijDQ)T is generated by {(T;;, X;, S;); 1 <j <n;, §;; =1}.

Let a(S;) = E(a]S;), B(S:) = E(biSi), a] = a; — a(S;) and b} = b; — 3(S;). A
varying-coefficient mixed-effects model for the data {Y;;, Ti;, S;;1 < i <mn,1 < j <n;}is

{ Yij = Zi; [a(Si) + aj] + 05 W [B(Si) + bj] + e, 5.9
5.8

(707" | s~ Gt1s)

where, for S; = s, G(+|s) is a distribution function with mean zero and covariance matrix
cov[(a;T, biT)T|s] = C(s). The population-mean parameters of interest are a(s) and 3(s),
which, in this case, are both smooth functions of s. When S; = s, the mean concomitant
intervention effect is 3(s). The special choice of G(s) = 0 for all s € (7p, 7;) implies that
the concomitant intervention has no population-mean effect on the time-trend curve of Y;;.

A number of interesting special cases of (5.8) may be considered in real applications by
specifying the forms of «(-), B(-) and G(+|-). An obvious choice for G(:|S;) is the multivariate

normal distribution with mean zero and covariance matrix C = cov[(a}T, b;T)T|s], which is
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assumed to be time-invariant for simplicity. Extension to time-dependent covariances can
be made by modeling C(s). Since the main objective is to evaluate the population-mean
effects of the concomitant intervention and explicit forms of G(-|S;) are often unknown, using
appropriate models for a(s) and ((s) is often more important than using a suitable model
for C(s). Linear models for a(s) and (3(s) can be expressed as a(s;vy) = (ao(s;70),- - -,

ap,(s;vp,))T and B(s;7) = (Bo(s; 70), - - -, Bp,(8;7D,)) T, where

Lg Mg
aq(s;7) =Y vaTa(s) and  Ba(s;7) = D TamTim(s) (5.9)
=0 m=0

where {L4, My} are fixed, and {7y (s), 7;,,(s)} are known transformations of s. The choice
of Ty(s) = s and 7, (s) = s™ leads to the global polynomials ay(s; ) and B4(s; 7).
When the parametric forms of «a(s) and [((s) are unknown, nonparametric analysis
can be performed by approximating «(s) and ((s) with basis expansions. If {Bg,(s) =
(Bayo(8), - -+ Bay g, (s)T; 0 < dy < D1} and {Bj (s) = (Bj,0(8); - -3 Baym,, (sNT; 0 <
dy < Dy} are two sets of pre-specified basis functions, their basis approximations for a(s)

and [3(s) are given by

Ly My
aq(s;y) ~ Z’Ydlel(S) and  Ba(s;7) = Z TamBgm (8), (5.10)
=0 m=0

where L4 and M may tend to infinity as n — oo. Common choices of basis functions include
truncated polynomial bases, Fourier bases or B-splines. Currently, only B-splines with fixed
knot sequences have been investigated for the model (5.8) in the literature (Wu, Tian and
Bang, 2008) because of the superior numerical stability of B-spline approximatoins. An
alternative smoothing approach is to approximate a(s) and 3(s) by smoothing splines (Lin
and Zhang, 1999; Chiang, Rice and Wu, 2001). But nonparametric estimation and inference
with smoothing splines in (5.8) have not been studied, since the explicit expressions and

statistical properties of smoothing spline estimators are very different from B-splines.

5.4.2 Least-Squares Estimation

Likelihood-based estimates of a(s) and ((s) for (5.8) can not be computed if the explicit
forms of G(-]5;) and the distribution of €;; are unknown. When a(s) = a(s;y) and g(s) =
B(s; T) are parametrized by Euclidean valued parameters v and 7, respectively, a practical

approach, which does not require the explicit distribution functions, is to compute the
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weighted least-squares estimators 47 and 7rg which minimize

n

tnr) = LAY (Zasan + oWilssan)]”

=1
x A [Yi = (ZF alSi57) + GW)T B(S5 7)) | | (5.11)

where Z; = (Zi, ..., Zin,)T, (OW); = (61 Wity ..., 0in, Win,)T, and A; are pre-specified
symmetric nonsingular n; x n; weight matrices. Explicit expressions of the weighted least-

squares estimators are

( Zﬁjg;i ) = {zn:[Wﬂ;]T A; [Wﬂ?]}_ {zn: [Wﬂ?]TAiYi}, (5.12)

i=1 i=1
where 31 W, T;)T A;[WiT;] is nonsingular, and the jth row of W; is (Zg}, %Wsz)
For nonparametric functions of a(s) and ((s) with basis approximations (5.10), the
least-squares based nonparametric estimators of a(s) and (3(s) are computed by substituting

the right-hand side terms of (5.10) into (5.11), which lead to

(@ 5(s: B), B s(s:B)" = Bls) (¥(8). 715(B)) . (5.13)
where {V1.5(B),Trs(B)} are given in (5.12) with 7 (s) replaced by B(s).

When A; =V 1 and the distribution functions are assumed to be normal, (5.12) and
(5.13) are the same as the maximum likelihood estimators or their approximated versions
based on B-splines. When V; are unknown, as often the case in practice, subjective choices
for A; may be used. One potential “plug-in” approach is to estimate V; from the data and
compute the estimates by substituting A; with the estimates of V- ! But, in practice, V;

is often difficult to estimate, it is unclear whether such “plug-in” estimators have superior

statistical properties than the estimators with subjective A; choices.

5.5 Estimation with Shared-Parameter Models
5.5.1 Linear and Additive Shared-Parameter Models

For many situations where concomitant interventions are involved, the change-point time
S;, which depends on the pre-intervention trend of Y;;, may not be observed for all the study
subjects, since some subjects may have the concomitant intervention change-points before
or after the study period. In such situations, where S; is referred in Section 5.2 as double

censored, a natural strategy is to further simply (5.2) into a sufficiently general model that
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is practically useful. Suppose that the concomitant intervention effects only depend on the
pre-intervention trends a; of the outcome variable but not on the change-point time .S;. A

useful special case of (5.2) is

{ Yij = po(Tij, Xis a;) + Nij pn (Tig, Xy, Rijs by) + €45, (5.14)

a; ~ Fo(-), Silai ~ Fi(-|a;), bilai ~ Fy(-[ay),
where F,(-) is the cumulative distribution function (CDF) of a;, Fy(-|a;) and Fy(-|a;) are
the conditional CDF’s of S; and b;, respectively, given a;, and b; and S; are independent
given a;. In contrast to the varying-coefficient model (5.8), where the conditional means
of a; and b; given S; are used, (5.14) incorporates S; through Fy(-|a;). By modeling the
conditional distribution of S; given a;, (5.14) allows S; to be left or right censored. For
simplicity, (5.14) assumes that b; does not depend on S;, although further generalizations
may allow the distribution of b; to depend on (S;, a;).

Further specifications of F,(-), Fs(-|a;) and Fy(-|a;) may be considered in practice to
balance the computational feasibility and flexibility of the model. A useful and mathemati-
cally tractable specification for (5.14) is to assume that S; and b; depend on a; only through
their conditional means, which are linear functions of a;. A linear shared-parameter model

for (5.14) is

{ Yij = po(Tij, Xis a;) + Nij pn (Tig, Xy, Rijs by) + €35, (5.15)

a;=a+ ega), S; =~T(1,ah)T + egs), b; = g7 (1,al)T + egb),
where a = (a1,...,a4,)", ca € R, 8= (Bf,...,B3)", Bi = (Bios -, Biap)", Bia € R, v =
(Y0, - - -5 Vdy) T, and {€&; = (€1, .-, €m;) 7, ega), egb), egs)} are independent mean zero random
errors with covariance matrices {Vy, V4, Vy, o2}, respectively. The unknown parameters in
(5.15) are the mean components 0 = (a®, 57, .. .,ﬁgl,’yT)T and the covariance structures
V ={V,,V,, Vo2l

When the relationship between S; and a; in (5.14) are unknown, a nonparametric model
for {S;,a;} is S; = uls) (a;) —|—€§S), where (%) (a;) = E(S;|a;) is a smooth function of a;. Since
unstructured estimation of (%) (a;) could be difficult when a; is a high dimensional vector,

a simple additive approach is to replace the relationship between S; and a; in (5.15) with

do
Si=3 i (aia) + ¢, (5.16)
d=0

where u&s)(aid) are smooth functions of a;4, so that an additive shared-parameter model for
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(5.14) is

{ Y;j - (T’zja Xz7 az) + )\’Lj Ml(j—’zja XZ, R 7bz) + €ijs (5 17)

a; :Oé+e( S —Zd Olud (azd)"i_erg ) b’L :/BT(:l?azT) +e’5b)

Further generalizations of (5.17) are theoretically possible but at the expense of computa-

tional complexity.

5.5.2 Maximum Likelihood Estimation Methods

If the distribution functions are explicitly specified with a known parametric form, the

parameters in (5.14) can be estimated by a maximum likelihood (ML). Denote by Y; =

(Y:ila"'vytini)Ta T’L - (Tzila"'aj—:ini)Ta D'L - (T’MX’L)v and fy(')a fb(')v fs() and fa(') the
densities of Y;;, b;, S; and a;. The joint density of (b;, S;,a;) can be expressed as

f(bi, Si,a;) = fo(bilag) fs(Si|a;) fa(ay).

Then the conditional density of (Y, S;) given D; = (T;, X;) can be derived by integrating

over a; and b; and is given by
Fo) (Y. 5:D2) / £, (YiDs, Sy a0, bi) fo(byla) f3(Sila) fulay) daidbi. (5.18)

Since the observed change-point time is the double censored version {Si(c), 52(6)}, the con-
ditional density function (5.18) may not be directly used in estimation, and one has to

consider the following conditional density of Si(c) = (Si(c), 52(6)) given a;:

fs(Silai), if 59 = 0,
F(819,0%:) =0 1 - BT lar), if 6 =1, (5.19)
Fy(Tila:), if 50 = 2.

By (5.18) and (5.19), the log-likelihood function for (Yi,Si(C)) conditioning on D;,

> log fiye) (Yi, SilDi) + — Z > log fryn (YilD;) (5.20)

n
#6090 =125y

3|H

where f(, ¢ (-|) is given above, f(, 1)(:|Ds, a;) and f(, 2)(:|D;; a;, b;) are the densities of Y
given {D;, a;, 51(6) =1} and {D;, a;, b;, 51(6) = 2}, respectively,

Fu (YD) = [ ) (XilDssa) {1 = Fu(Tin ) ulr)
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and
fw.2)(Yi|Dy) / fw,2)(Yil Dy, a;, b;) Fs(Tin|a;) fo(bila;) fo(a;) da; db;.

If the parametric family for f(, (-|-) is denoted by {f, ¢ (;¢|Di); ¢ = (0,V)}, the ML
estimators for ¢ = (0, V) can be obtained by maximizing the log-likelihood function (5.20).

5.5.3 Approximate Maximum Likelihood Estimation Methods

Estimation for the additive shared-parameter model (5.17) can be achieved by maximizing
an approximate likelihood function for (5.17). Under some mild smoothness conditions on
,u&s)(-) (e.g., Huang, Wu and Zhou, 2004), u&s)(-) can be approximated by the B-spline

expansion

) (aia) Z DB (aia) = () B (i) (5.21)

where, for some Py, {B](; (\); 1 <p < Py} is a spline basis,
d T
B (aiq) = (B (@ia), ... B (ia) )

and v(4) = (*Ad), . ,’yl(ffl)) is a set of real-valued coefficients. It follows from (5.16) that

do
S; ~ Z (v NTB@D (a;9) + GES)' (5.22)
d=0

T
By substituting 230:0 ,ugls)(aid) of (5.16) with 230:0 (fy(d)) B (a,4), the parameters are

0 = (aT, 6L, .. .,ﬁi,vT)T, V= ((’Y(O))T, e (’y(dO))T)T and V = {Vy, Va, Vy, ag}.

Let f¥(+;7,0sa;) be the conditional density of 230:0 (Y NTB (a9)} + egs) given a;.
If the distributions of ¢;;, ega), egb) and egs), which all have zero means, are parameterized
by the vector of variance parameters V, the density fs(S;|a;) can be approximated by
f(Si;v,05la;), and the parameters of (5.17) can be obtained by maximizing the following

approximate log-likelihood function for (Y, SZ(C)) given D;,

Li(¢ fn > log 7, o(Yi, Si; 6 Di) + = Z > log fi, (Y 6|Di) (5.23)

16(0)70 l 12 6(0) =1

where ¢ = (0, V), f(, o C|Ds), f{, 1) (IDs), k = 1,2, are given in (5.20) with f,(S;[a;) replaced
by fi(Si;7,osla;). If L}(¢) satisfies the regularity conditions for MLE’s, the approximate
MLE ¢ satisfy L¥(¢) = maxy L% ().
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5.5.4 A Two-Stage Estimation Procedure

The likelihood functions (5.20) and (5.23) involve nonlinear terms of the parameters. A
global maximization of (5.20) or (5.23) over # and V simultaneously could be computation-
ally unfeasible in practice. In order to alleviate the computational burden, Wu, Tian and
Jiang (2011) suggests to use the following two-stage procedure, which combines REMLE
with the Newton-Raphson algorithm:

(81) Assume that {e;;,a;, b;, S;} of (5.15) or (5.17) are independent random variables with
covariance matrices V = {V,, V,, V3, 02}, that is, the naive mixed-effects model (5.1)

holds. Compute Vof V using the REMLE procedure.

(52) Substitute V with V, and maximize L.(f, V) with respect to 6 using the Newton-
Raphson procedure. The maximizer 6 = argmaxy L (6, \7) is the approximate ML

estimator for 6.

From the expressions of f(, (Y, Si|D;) and fi, 1) (Y;|D;) for k = 1,2, it is easy to
see that the Newton-Raphson algorithm for maximizing L.(, V) at stage (S2) involves
multi-dimensional integrations over the functions of a;, b; and S; with respect to the joint
distributions of a; and b;. All the necessary quantities involved in the Newton-Raphson
algorithm, including the log-likelihood functions, and their gradients and Hessian matrices,
can be computed using Monte Carlo simulations, in which case large Monte-Carlo samples
are required to compute the gradient and the Hessian matrix in each iteration, so that
a complete Newton-Raphson algorithm can be costly to implement. If a suitable initial
estimator is available, computation of the algorithm can be significantly reduced by a “one-
step” Newton-Raphson procedure (Bickel, 1975). In Wu, Tian and Jiang (2011), the authors
suggest to use the estimators computed from the REMLE procedure as a natural candidate
for the initial estimator 6y and to compute the initial estimators of v by fitting the regression
model S; = fyT(l,éfmd) + egs) using the subjects with S; observed (i.e., 51(6) = 0), where
~pre

i

aP"*d is the predicted value for a;.

5.6 Bootstrap Confidence Intervals

In theory, approximate inferences for the parameter vector ¢ can be constructed using the
asymptotic distribution of the ML estimator q;, when n is large and the model (5.15) follows
a known parametric family. Under suitable regularity conditions (Serfling, 1980, Ch. 4),
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the asymptotic normality of the MLE’s implies that qg has approximately the multivariate
normal distribution NV (¢, Var(¢)), so that an approximate [100 x (1 — a)]th confidence in-
terval for £(¢), a linear combination of ¢, is £(¢) & Za/Q[Vhr{€(¢)}]1/2, where Var{{(¢)} is
the variance estimator and Z,, /5 is the [100 x (1 —«a/2)]th percentile of the standard normal
distribution. For the additive model (5.17), where nonparametric components are present,
asymptotic distributions of the approximate MLE in (5.23) have not yet been developed. As
a practical alternative, a bootstrap procedure is to generate bootstrap samples by resam-
pling the subjects with replacement and compute the corresponding bootstrap estimators.
The estimates obtained from the original sample are natural choices for the initial estimates
for the bootstrap samples. A [100 x (1 — «)]th confidence interval based on percentiles is
given by the corresponding lower and upper [100 x (a/2)]th percentiles (L, /o, Uy /2) of the
bootstrap estimators. This bootstrap approach has been used in Wu, Tian and Bang (2008)
and Wu, Tian and Jiang (2011). Alternatively, one can also compute Var{{(¢)} from the

~

bootstrap samples, and use the approximate confidence interval ¢(¢) & Za/Q[VAar{é(qb)}]lﬂ.

5.7 Applications to the ENRICHD Pharmacotherapy Data
5.7.1 Application to Subjects with Observed Change-Points

A brief summary of the ENRICHD study has been described in Example 4 of Section 1.3.
The objective here is to evaluate the additional effects of pharmacotherapy (antidepressants)
on the trends of depression severity measured by BDI scores for patients who received
pharmacotherapy during the six-month cognitive behavior therapy (CBT) treatment period.
Pharmacotherapy with antidepressants is a concomitant intervention in this trial because
the decision of using antidepressants and its starting time was made by the patients or their
primary care physicians.

Using the regression framework of Section 5.4, this analysis includes 91 patients with
a total of 1,446 observations in the CBT arm who received pharmacotherapy during the
treatment period and had clear records of their pharmacotherapy starting time. Data from
patients in the usual care (UC) arm are excluded, since the pharmacotherapy starting
time and repeated BDI scores were not accurately recorded for these patients. Excluded
are also data from patients in the CBT arm who did not have pharmacotherapy starting
time accurately recorded during the six month CBT treatment period. Among the 91

patients analyzed here, 43 of them started pharmacotherapy at baseline and 48 started
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pharmacotherapy between 7 and 172 days. The number of visits for these patients ranges
from 5 to 36 and has the median of 16.

Following Section 5.2, Y;;, T;;, S;, R;; = T;; —S; and 0;; = L7, >s,) are the ith subject’s
BDI score, trial time (in months), starting time of pharmacotherapy, time from initiation of
pharmacotherapy, and pharmacotherapy indicator, respectively, at the jth visit. A simple
case of the naive mixed-effects models for evaluating the trends of BDI score over Tj; is the

linear mixed-effects model
Yi; = ag; + a1T;; + boidij + b1idij Rij + €5, (5.24)

where E(agi, a1i, boi, b1)" = (a0, a1, 80, 1)7. When 655 = 1 and Ri; = r, (6o + pur)
describes the mean pharmacotherapy effect at » months since the start of pharmacotherapy.
Since (5.24) ignores the possible correlation between S; and the pre-pharmacotherapy

depression trends, which may lead to potential bias, its varying-coefficient generalization is
Yij = ao(Si) + a1 (S)Tij + Bodij + P16ij Rij + esj, (5.25)

where e;; = ajy+aj; Tij+bl0i+b 05 Rij+e€i5, 20(Si) = Yo0+7015: and a1 (S;) = yi0+7115:-
The mean pre-pharmacotherapy BDI trend in (5.25) is associated with S; through intercept
ap(S;) and slope a1 (S;). The mean pharmacotherapy effect at » months after the start of
pharmacotherapy is Gy + fir. A negative (positive) value for [y + (1r corresponds to a
beneficial (harmful) effect for reducing depression.

For mathematical simplicity, (5.25) assumes that 5o(S;) = (o and (1(S;) = b1, so
that the effects of pharmacotherapy only depend on how long the antidepressant has been
used. Under this assumption, 8y and 31 have the same interpretations in both the néaive lin-
ear mixed-effects model (Ndive LME) (5.24) and the shared-parameter linear mixed-effects
model (SP-LME) (5.25), although the mean BDI scores have different pre-pharmacotherapy
time trends.

Table 4 summarizes the estimates for 5y and §; and their corresponding standard errors,
95% CIs and p-values obtained by the REML procedure with unstructured correlations.
The negative estimates for (5o, 01) suggest that the beneficial effect of pharmacotherapy for
this patient population is detected under both the Ndive LME and SP-LME models, when
only the patients who had pharmacotherapy change-point time within the CBT period are

included in the analysis.
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Table 4: Parameter estimates for Gy and (; and their standard errors (SE), 95% confi-
dence intervals (CIs) and p-values were obtained by restricted maximum likelihood with
unstructured correlations for the néive linear mixed-effects model (Ndive LME) (5.24) and
the shared-parameter linear mixed-effects model (SP-LME) (5.25).

Model Parameter | Estimate  SE 95% CI p-value
Niive LME Bo -3.410 0.994 (-5.399,-1.422) 0.0013
061 -1.584  0.521 (-2.626, -0.542) 0.0039

SP-LME Bo -4.302 1.041 (-6.385,-2.220) 0.0001
061 -2.062  0.773 (-3.608,-0.516) 0.0105

5.7.2 Application to Subjects with Censored Change-Points

The previous analysis uses only a sub-sample of 91 depressed patients in the ENRICHD CBT
arm who had their change-point time .S; observed during the CBT treatment period. Thus,
the conclusion of the beneficial effects of antidepressants for lowering the BDI scores ignores
the information from patients who did not start pharmacotherapy during the CBT period.
Using the shared-parameter models, the analysis here is based on 557 depressed patients
who had their exact dates of antidepressant starting time recorded and attended 5 or more
CBT sessions during the six-month treatment period. For practical considerations, patients
in the UC arm, patients whose starting dates of antidepressant use were not recorded, and
patients who had poor adherence to the required weekly CBT sessions (attended less than
5 sessions) are excluded from the analysis. Because antidepressant use for each patient was
individually monitored and recorded as accurate as possibly by study psychiatrists (Taylor
et al., 2005, page 794), it is reasonable to assume that the missing records on antidepressant
starting dates were missing at random. The longitudinal sample then includes 11 patients
who used antidepressants before baseline, 92 patients who started antidepressant during
the treatment period, and 454 patients who did not use antidepressants before and during
the treatment period. The number of visits for these patients ranges from 5 to 36 and has
a median of 12.

With a slight modification of the notation in Section 5.7.1, Y;;, T;j, Si(c), and R;; =
Ti;— Si(c) denote the ith patient’s BDI score, trial time (months), starting time (months) of
antidepressant use, and antidepressant duration time (months), respectively, at the jth visit.

For all 1 <4 < n, the observed (Si(c), 52(6)) is (Si(c) =S, 51(6) = 0) if the ith patient used an-
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tidepressants within the CBT period, (SZ(C) = Tin,» 51(6) = 1) if the patient did not use antide-
pressant within the CBT period, and (S; = 0, 51(6) = 2) if the patient used antidepressants
before baseline. When \;; = 1[Si<Ti]’] and the linear models po(7Tij; aio, ain) = aio + ainTij
and g1 (Rij; bio, bin) = bio + b1 Rij are used, (a0, a;1) represents the intercept and slope of
the ith subject’s BDI trajectory before antidepressant use, and (b, b;j1) is the intercept
and slope of the change of the subject’s BDI trajectory after antidepressant use. A se-
ries of preliminary analyses described in Wu, Tian and Jiang (2011, Appendix D.1 of the
Web-Supplementary Materials) suggest that the above linear models for 1o (7T;;; aio, ai1) and
p1(Rij; bio, bi1) can be used as a parsimonious approximation to the BDI time trends for
this study.

Similar to (5.24), the REMLE procedure is applied to the following néive mixed-effects

model to estimate the unknown population-mean parameters aq, a1, Bgo and (1g:

{ Yij = ajo + ainTij + Xij(bio + bir Rij) + €35, (5.26)

(aio, ai1, bio, bi1)T ~ N ((aw, o1, Bo, 51)7, B),

where (g, a1, o, 31)7 is the unknown mean vector and ¥ is the unstructured covariance

matrix for the multivariate normal distribution N (-, ). The population-mean concomitant
intervention effects are By and (31, which are the mean intercept and slope for the “cor-
rection term” after antidepressant use, and zero value of 3y + 31 R;; indicates ignorable
antidepressant effect on the mean BDI scores.

To account for the possible link between pharmacotherapy change-point time and the
BDI trend before the use of antidepressants, a shared-parameter model that directly gen-

eralizes (5.26) is

{ Yij = aio + ainTy; + Nij(bio + bin Rij) + €1, (aio, ain)’ = (ag, a1)T + GEQ),

i 5.27)
bio = fo + €, bir = i+ i)y Si =0+ y1ai0 + €, (

(a)

i

(0 _ ( (b) (b))T

i €0 €1 ) are mean zero bivariate normal random vectors with un-

(s)

i

where €’ and €

structured covariance matrices (%) and £ respectively, €:”/ is a mean zero normal random

(a) _(b) (s)

2
i - € and €

2,and €

variable with variance o are independent. The interpretations of the
population-mean parameters «g, a1, Fp and f; in (5.27) are the same as their counterparts
specified in (5.26).

Table 5 shows the estimates of ag, a1, By and 31, and their standard errors and 95%
confidence intervals (CI) computed using REMLE with unstructured covariance matrix %

under the niive linear mixed-effects model (Ndive-LMEM) (5.26) and the two-stage ML
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Table 5: Parameter estimates, standard errors (SE) and 95% confidence intervals (CI)
computed for the ENRICHD pharmacotherapy data based on the naive linear mixed-effects
model (Naive-LMEM) (5.26), the linear shared-parameter model (LSPM)(5.27).

Effect Niive-LMEM LSPM
Parameter Estimate SE 95% CI Estimate SE 95% CI
o 14.454 0.312 (13.842, 15.066) 15.867 0.375 (15.216, 16.771)
a1 -1.887  0.067 (-2.018, -1.756) -1.816  0.070 (-1.989, -1.714)
0o 3.579 0.825  (1.962, 5.196) -6.646  0.915 (-8.239, -4.990)
061 0.036 0.227 (-0.409, 0.481) -0.453 0.284 (—0.962, 0.122)
Yo — — 15.162 1.134 (13.497, 17.652)
v — — e 0.480 0.050 (-0.593,-0.392)

procedure with ten Newton-Raphson iterations under the linear shared-parameter model
(LSPM) (5.27). Under Naive-LMEM, the negative estimate &; = —1.887 suggests that the
mean BDI score for these patients tends to decrease over the trial time since the start of
the CBT sessions, while the positive estimate 8y = 3.579 and its 95% CI seem to suggest
that the use of antidepressants increase the patients’ mean BDI scores. Since the “self-
selectiveness” of the antidepressant use as a concomitant intervention is not considered
in (5.26), the positive estimate of 5y under this model does not reflect the real effect of
pharmacotherapy on depression severity. On the other hand, under the LSPM (5.27), the
negative estimates Bo = —6.646 and Bl = —0.453 suggest that pharmacotherapy has on
average a beneficial effect for lowering a patient’s depression severity. The 95% CI’s for
vo and 7y, obtained from (5.27) suggest that (5.26) is likely a misspecified model for this

dataset.

5.8 Discussion and Further Remarks

The main results of this section show that, in general, outcome-adaptive covariates, such
as concomitant interventions, should not be treated as usual time-dependent covariates in
néive mixed-effects models. For the simple case of a concomitant intervention, a shared-
parameter model may be considered to reduce the estimation bias and correct the “self-
selectiveness” of the concomitant intervention. The methods presented here have a narrow
focus on a single concomitant intervention in a longitudinal clinical trial. Concomitant
interventions may commonly appear in other settings, such as in an epidemiological study

where study subjects may take antihypertensive medication during the study when their
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blood pressure levels either exhibit some undesirable trends or stay in an intolerable range.
In the ENRICHD pharmacotherapy data, pharmacotherapy as a concomitant was initiated
under a vague guideline and a linear shared-parameter model appears to be a reasonable to
choice. However, this model may not be suitable when the intervention selection mechanism
is changed, and in some situations the entire shared-parameter approach may have to be
re-evaluated.

As a special case of the shared-parameter models, a varying-coefficient mixed-effects
model may be considered mainly because it has a simple and clear biological interpretation
for the simple situation where there is only one concomitant intervention and the change-
point time is observed for all subjects in the study. Compared with the shared-parameter
models, the least-squares based estimation method for the varying-coefficient mixed-effects
models does not require the known parametric forms of the distribution functions. The
shared-parameter models, on the other hand, may be applied to concomitant interventions
with double censored change-point time, but their estimation requires computationally in-
tensive ML, and approximate ML algorithms.

Future research in this area may be pursued with several potentially worthy exten-
sions. First, subjects in longitudinal studies may have single or multiple concomitant in-
terventions which can be turned on or off at different time points. In such situations, more
general shared-parameter models may be needed to accommodate the possibility of multi-
ple interventions and/or multiple change-points. Second, all the shared-parameter models
studied in this section rely on linear functions to de