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In this note, we �rst derive the CR analogue of Perelman�s Harnack estimate (0.4)

for the positive solution of the CR conjugate heat equation

(0.1)
@u

@t
= �4�bu+ 4Wu:

under the CR Yamabe �ow. Then we de�ne the CR Perelman�s F-functional (0.5)
from this Perelman�s Harnack quantity and obtain its monotonicity property for the

following coupled CR Yamabe �ow

(0.2)
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@t
= �4�bf + 4 jrbf j2 � 4W:

Second, we derive the CR analogue of Perelman�s Harnack estimate (0.6) for the

positive fundamental solution of the CR conjugate heat equation (0.1) under the CR

Yamabe �ow. Then we de�ne the CR Perelman�s W-functional (0.8) and obtain its
monotonicity property for the following coupled CR Yamabe �ow

(0.3)
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�
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d�
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= �1:

Now we state the �rst Perelman�s Li-Yau type Harnack estimate for the positive

solution of the CR conjugate heat equation under the CR Yamabe �ow in a closed

spherical pseudohermitian 3-manifold with nonnegative Tanaka-Webster curvature

and vanishing torsion.
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Theorem 0.1. Let (M;J;��) be a closed spherical pseudohermitian 3-manifold with

nonnegative Tanaka-Webster curvature and vanishing torsion. Let (M;J; �(t)) be a

solution to the CR Yamabe �ow on M � [0; T ] and u be the positive solution to the
CR conjugate heat equation (0.1) with u = e�f and f0(x; 0) = 0: Then

(0.4) �bf �
3

4
jrbf j2 +

1

2
W � 1

�
� 0

on M � [0; T ) with � = T � t:

As pointed out by S.-T. Yau that the derivation of the entropy formula resembles

Li-Yau gradient estimate for the heat equation. We de�ne the CR Perelman F-
functional by

(0.5)
F(�(t); f(t)) = 4

R
M
[(�bf � 3

4
jrbf j2 + 1

2
W )]e�fd�

=
R
M
(2W + jrbf j2)e�fd�:

with the constraint
R
M
e�fd� = 1:

We derive the following monotonicity property of CR F-functional.

Theorem 0.2. Let (M;J;��) be a closed spherical pseudohermitian 3-manifold with

nonnegative Tanaka-Webster curvature and vanishing torsion. Let (M; �(t); f(t)) be

a solution to the coupled system (0.2) on M � [0; T ) with f0(x; 0) = 0. Then

d
dt
F(�(t); f(t)) = 8

R
M

����rH
�2
f + W

2
L�

���2 ud�+ 2 RM W jrbf j2 ud�

� 0

for all t 2 [0; T ):

Next we state the second CR Perelman�s Li-Yau type Harnack estimate for the pos-

itive fundamental solution of the CR conjugate heat equation under the CR Yamabe

�ow.

Theorem 0.3. Let (M;J;��) be a closed spherical pseudohermitian 3-manifold with

positive Tanaka-Webster curvature and vanishing torsion. Let (M;J; �(t)) be a solu-

tion to the CR Yamabe �ow on M � [0; T ] and u be the positive fundamental solution
to the CR conjugate heat equation (0.1) with u = e�f

(4��)2
and f0(x; 0) = 0: Then

(0.6) �bf �
3

4
jrbf j2 +

1

2
W +

1

8�
(f � 4) � 0:
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That is

(0.7) f� + jrbf j2 � 2W +
f

2�
� 0

on M � [0; T ) with � = T � t:

Again we de�ne the CR Perelman W-functional by
(0.8)

W(�(t); f(t); �) = 4
R
M
� [�bf � 3

4
jrbf j2 + 1

2
W + 1

8�
(f � 4)](4��)�2e�fd�

=
R
M
[�(2W + jrbf j2) + 1

2
(f � 4)](4��)�2e�fd�;

with the constraint
R
M
(4��)�2e�fd� = 1: Note that W is scalar invariant under

� 7�! c� and � 7�! c�: Moreover, W(�; f; �) = W(���; f � �; �) for a contact
di¤eomorphism � :M !M:

We will derive the following monotonicity property of CR W-functional.

Theorem 0.4. Let (M;J;��) be a closed spherical pseudohermitian 3-manifold with

nonnegative Tanaka-Webster curvature and vanishing torsion. Let (M; �(t); f(t); �(t))

be a solution to the coupled CR Yamabe �ow on M � [0; T ) with f0(x; 0) = 0. Then

d
dtW(�(t); f(t); �(t))

= 8�
R
M

����rH
�2
f + W

2
L� � 1

4�
L�

���2 ud�
+�
R
M
[2W jrbf j2 + jrbf j2

�
]ud�

� 0

for all t 2 [0; T ):

The classi�cation of CR Yamabe soliton is one of the key steps in understanding

the singularity formation of the Yamabe �ow.

Theorem 0.5. (i) Any closed spherical 3-dimensional steady CR Yamabe breather

with nonnegative Tanaka-Webster curvature and vanishing torsion is a closed pseudo-

hermitian 3-manifold of zero Tanaka-Webster curvature and vanishing torsion.

(ii) Any closed spherical 3-dimensional shrinking CR Yamabe breather with non-

negative Tanaka-Webster curvature and vanishing torsion is a closed pseudohermitian

3-manifold of positive constant Tanaka-Webster curvature and vanishing torsion.
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Finally, if we further assume that our solution to the CR Yamabe �ow is of Type

I. That is

jW j � k0
T � t ;

for some constant k0. Here T is the blow-up time. Thus we have the Perelman�s Li-

Yau type Harnack estimate for the positive solution of the CR conjugate heat equation

under the CR Yamabe �ow in a closed spherical pseudohermitian 3-manifold with

vanishing torsion.

Theorem 0.6. Let (M;J;��) be a closed spherical pseudohermitian 3-manifold with

vanishing torsion. Let (M;J; �(t)) be a solution of Type I to the CR Yamabe �ow

(??) on M � [0; T ) and u be the positive solution to the CR conjugate heat equation
(0.1) with u = e�f and f0(x; 0) = 0: Then, for some �0 = �0(k0) > 0

�bf �
3

4
jrbf j2 +

1

2
W � �0

�
� 0

on M � [0; T ) with � = T � t:
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