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We are concerned with heat kernel estimates for a class of non-local
regular Dirichlet forms. Let (M,d, µ) be a metric measure space, and
let (E ,F) be a regular, conservative Dirichlet form in L2 (M,µ). Let
Pt = etL be the heat semigroup. The purpose of this paper is to give
various equivalent conditions for upper bounds of the heat kernels of
non-local type.

Let α, β be fixed positive numbers, and let C denote positive constant
that can be different at different occurrences. Consider the following
conditions that may be true or not:

(V≤) : Upper α-regularity : For all x ∈M and all r > 0,

V (x, r) ≤ Crα.

(DUE) : On-diagonal upper estimate: The heat kernel pt exists and sat-
isfies the on-diagonal upper estimate

pt (x, y) ≤ C

tα/β
,

for all t > 0 and µ-almost all x, y ∈M.
(UE) : Upper estimate of non-local type: The heat kernel pt exists and

satisfies the off-diagonal upper estimate

pt(x, y) ≤ C

tα/β

(
1 +

d(x, y)

t1/β

)−(α+β)
for all t > 0 and µ-almost all x, y ∈M.

Recall that by a theorem of Beurling and Deny, any regular conser-
vative Dirichlet form admits a decomposition

E(u, v) = E (L)(u, v) + E (J)(u, v) (0.1)

where E (L) is a local part and

E (J) (u, v) =

∫
M×M\diag

(u(x)− u(y)) (v(x)− v(y)) dj(x, y) (0.2)

is a jump part with a jump measure j defined on M ×M \ diag. In
our setting the jump measure j will be assumed to have a density with

Date: December 26, 2011.
1



2 GRIGOR’YAN, HU, AND LAU

respect to µ × µ, which will be denoted by J (x, y) , and so the jump
part E (J) becomes

E (J) (u, v) =

∫
M×M

(u(x)− u(y)) (v(x)− v(y)) J(x, y)dµ(y)dµ(x).

(0.3)
Let us further consider the following conditions:

(J≤) : The jump density exists and admits the estimate

J(x, y) ≤ Cd(x, y)−(α+β),

for µ-almost all x, y ∈M .
(UEΦ) : The heat kernel pt exists and there exist C, α > 0, β > 0 such

that

pt(x, y) ≤ C

tα/β
Φ

(
d(x, y)

t1/β

)
(0.4)

for all t > 0 and µ-almost all x, y ∈ M , where Φ : [0,∞) →
[0,∞) is continuous, non-increasing function such that∫ ∞

0

sα−1Φ(s)ds <∞. (0.5)

(S) : Survival estimate. There exist constants ε, δ ∈ (0, 1) and β > 0
such that, for all balls B = B(x0, r) and for all t1/β ≤ δr,

1− PB
t 1B(x) ≤ ε for µ-almost all x ∈ 1

4
B, (0.6)

where λB = B (x0, λr).
(T) : Tail estimate. There exist constants ε, δ ∈ (0, 1) and β > 0

such that, for all balls B = B(x0, r) and for all t1/β ≤ δr,

Pt1Bc(x) ≤ ε for µ-almost all x ∈ 1

4
B.

(Tstrong) : Strong tail estimate. There exist constants c > 0 and β > 0

such that, for all balls B = B(x0, r) and for all t > 0,

Pt1Bc(x) ≤ ct

rβ
for µ-almost all x ∈ 1

4
B.

Here are our main results.

Theorem 0.1. Let (M,d, µ) be a metric measure space with precom-
pact balls, and let (E ,F) be a regular conservative Dirichlet form in
L2 (M,µ) with jump density J . Then the following implication holds:

(V≤) + (DUE) + (J≤) + (S)⇒ (UE) . (0.7)

Theorem 0.2. Let (M,d, µ) be a metric measure space with precom-
pact balls, and let (E ,F) be a regular conservative Dirichlet form in
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L2 (M,µ) with jump density J . If (V≤) holds, then the following equiv-
alences are true:

(UE)⇔ (UEΦ) + (J≤)

⇔ (DUE) + (J≤) + (T )

⇔ (DUE) + (J≤) + (S)

⇔ (DUE) + (J≤) + (Tstrong) . (0.8)

Remark 0.3. The upper estimate (UE) is best possible for non-local
forms in the following sense: if the heat kernel pt satisfies the estimate

pt(x, y) ≤ 1

tα/β
Φ

(
d(x, y)

t1/β

)
for all t > 0 and µ-almost all x, y ∈ M , where Φ is a continuous
decreasing function on [0,+∞) then necessarily

Φ (s) ≥ c (1 + s)−(α+β)

for some c > 0 (see [2, Lemma 3.1]).

References

[1] A. Grigor’yan, J. Hu and K.-S. Lau, Estimates of heat kernels for non-local
regular Dirichlet forms, preprint.

[2] A. Grigor’yan and T. Kumagai, On the dichotomy in the heat kernel two sided
estimates. In: Analysis on Graphs and its Applications (P. Exner et al. (eds.)),
Proc. of Symposia in Pure Math. 77, pp. 199–210, Amer. Math. Soc. 2008.

Fakultät für Mathematik, Universität Bielefeld, Postfach 100131,
33501 Bielefeld, Germany.

E-mail address: grigor@math.uni-bielefeld.de

Department of Mathematical Sciences, Tsinghua University, Beijing
100084, China.

E-mail address: hujiaxin@mail.tsinghua.edu.cn

Department of Mathematics, Chinese University of Hong Kong, Shatin,
N.T., Hong Kong.

E-mail address: kslau@math.cuhk.edu.hk


	References

