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We are concerned with heat kernel estimates for a class of non-local
regular Dirichlet forms. Let (M,d, i) be a metric measure space, and
let (€, F) be a regular, conservative Dirichlet form in L? (M, ). Let
P, = e** be the heat semigroup. The purpose of this paper is to give
various equivalent conditions for upper bounds of the heat kernels of
non-local type.

Let «, 8 be fixed positive numbers, and let C' denote positive constant
that can be different at different occurrences. Consider the following
conditions that may be true or not:

(V<) : Upper a-regularity: For all x € M and all r > 0,
Viz,r) < Cre.
(DUE) : On-diagonal upper estimate: The heat kernel p; exists and sat-
isfies the on-diagonal upper estimate
C
2 (137 y) < W?

for all £ > 0 and p-almost all z,y € M.
(UE) : Upper estimate of non-local type: The heat kernel p; exists and
satisfies the off-diagonal upper estimate

C d(z,y)\
pi(w,y) < Py (1 + v

for all t > 0 and p-almost all z,y € M.

Recall that by a theorem of Beurling and Deny, any regular conser-
vative Dirichlet form admits a decomposition

E(u,v) = EP (u,v) + £V (u,v) (0.1)
where €0 is a local part and
eV (u,v) = / (u(z) —u(y) (v(z) —v(y)) dj(z,y)  (0.2)
Mx M\diag

is a jump part with a jump measure j defined on M x M \ diag. In
our setting the jump measure 5 will be assumed to have a density with
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respect to p X u, which will be denoted by J (x,y), and so the jump
part £¢) becomes

eV (u,v) = / (u(x) = u(y)) (v(z) — v(y)) J (2, y)duly)dp(z).
MxM
(0.3)
Let us further consider the following conditions:

(J<) : The jump density exists and admits the estimate
J(z.y) < Cd(z,y)~*+7),

for p-almost all x,y € M.
(UE®): The heat kernel p; exists and there exist C,a > 0, > 0 such
that

na) < oo (452 (0.4

for all ¢ > 0 and p-almost all x,y € M, where ® : [0,00) —
[0, 00) is continuous, non-increasing function such that

/00 59710 (s)ds < o0. (0.5)

(S) : Survival estimate. There exist constants €, € (0,1) and 8 > 0
such that, for all balls B = B(z,r) and for all t'/8 < ér,

1
1 — PP1p(x) < e for p-almost all x € ZLB’ (0.6)

where AB = B (29, A1).
(T) : Tail estimate. There exist constants ¢,6 € (0,1) and 8 > 0
such that, for all balls B = B(z¢,r) and for all t'/% < §r,

1
P1ge(z) < ¢ for p-almost all x € ZB'

(Tirong) * Strong tail estimate. There exist constants ¢ > 0 and 3 > 0
such that, for all balls B = B(x,r) and for all ¢t > 0,

t 1
Plp(x) < —Cﬁ for p-almost all = € Z_lB'
r

Here are our main results.

Theorem 0.1. Let (M,d, i) be a metric measure space with precom-
pact balls, and let (€, F) be a regular conservative Dirichlet form in
L2 (M, ) with jump density J. Then the following implication holds:

(Vo) + (DUE) + (J<)+ (S) = (UE) . (0.7)

Theorem 0.2. Let (M,d, i) be a metric measure space with precom-
pact balls, and let (€, F) be a regular conservative Dirichlet form in
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L? (M, p) with jump density J. If (V<) holds, then the following equiv-
alences are true:

(UE) < (UE?) + (J<)
& (DUE) + (J<) + (T)
& (DUE) + (J<) + (5)
& (DUE) + (J<) + (Tstrong) - (0.8)

Remark 0.3. The upper estimate (UE) is best possible for non-local
forms in the following sense: if the heat kernel p; satisfies the estimate

1 o (=)
pt(x,y)étaw@( Y )

for all t > 0 and p-almost all x,y € M, where ® is a continuous
decreasing function on [0, +00) then necessarily

D (s) > (14 s)" @
for some ¢ > 0 (see [2, Lemma 3.1]).
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