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1. Real algebraic curves and Klein surfaces. Let X be an irreducible non-
singular projective curve defined over R. Then M = X(C) is a compact connected
Riemann surface together with an anti-holomorphic involution σ : M → M . The
pair (M,σ) is a Klein surface. Klein proved that the topological type of a Klein
surface (M,σ) is classified by a triple (g, n, a), where g ∈ Z≥0 is the genus of M ,
n ∈ Z≥0 is the number of connected components of Mσ, the fixed locus of the
involution σ, and a ∈ {0, 1} is the index of orientability: a = 0 if M/σ is orientable,
a = 1 if M/σ is nonorientable. M/σ is a compact (orientable or nonorientable)
surface (with or without boudary).

2. Real and quaternionic vector bundles. Followng Atiyah, a real (resp.
quaternionic) holomorphic vector bundle over a Klein surface (M,σ) is a pair (E , τ)
with the following properties.

(1) There is a commutative diagram

E τ−−−−→ Ey y
M

σ−−−−→ M

(2) E →M is a holomorphic vector bundle,
(3) τ : E → E is anti-holomorphic,
(4) τ : Ex → Eτ(x) is C-antilinear for any x ∈M ,
(5) τ ◦ τ = IdE (resp. −IdE).

Similary, one may define a real/quaternionic C∞ vector bundle (E, τ) over (M,σ).
The topological types of a real/quaternionic C∞ vector bundle determined by

Biswas-Huisman-Hurtubise. Let (M,σ) be a Klein surface of type (g, n, a). When
n > 0, Mσ = γ1 ∪ · · · ∪ γn is a disjoint union of n circles.

(R) The topological type of a real vecor bundle (E, τR)→ (M,σ) is classified by
(r, d, w(1), . . . , w(n)), where r = rankE ∈ Z≥0, d = degE =

∫
[M ]

c1(E) ∈ Z,

and w(j) = w1(EτR
∣∣
γj

) ∈ H1(γj ,Z/2Z) ∼= Z/2Z.

Constraint: w(1) + · · ·w(n) ≡ d (mod 2)
(H) The topological type of a quaternionic vector bundle (E, τH) → (M,σ) is

classified by (r, d)

Constraint:

{
d+ r(g − 1) ≡ 0 (mod 2), n = 0

r ≡ d ≡ 0 (mod 2), n > 0

Let (M,σ) be a Klein surface. Recall that the slope of a holomorphic vector

bundle E over M is µ(E) := deg E
rankE . A real/quaternionic holomorphic vector bundle

(E , τ) over (M,σ) is

(1) stable if, for any non-trivial τ -invariant subbundle F ⊂ E , µ(F) < µ(E);
(2) semi-stable if, for any non-trivial τ -invariant subbundle F ⊂ E , µ(F) ≤

µ(E);
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(3) geometrically stable if, for any non-trivial subbundle F ⊂ E , µ(F) < µ(E);
(4) geometrically semi-stable if, for any non-trivial subbundle F ⊂ E , µ(F) ≤

µ(E).

Apparently, (1)⇒(2), (3)⇒(4), (3)⇒(1), (4)⇒(2). Schaffhauser showed that (2)⇒
(4), (1) 6⇒ (3) (see also Langton).

Following Schaffhauser, let (E , τ) be a semi-stable real/quaternionic holomorphic
vector bundle over (M,σ). A real/quaternionic Jordan-Hölder filbration of (E , τ) is a
filtration 0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek = E by τ -invariant holomorphic subbundles, such

that Ei/Ei−1 is stable in the real/quaternionic sense. Let gr(E , τ) :=
⊕k

i=1 Ei/Ei−1.
Two semi-stabe real/quaternionic holomorphic vector bundles (E , τ) and (E ′.τ ′) are
real/quaternionic S-equivalent if gr(E , τ) ∼= gr(E ′, τ ′) as real/quaternionic holomor-
phic vector bundles.

We fix a C∞ real/quaternionic vector bundle (E, τ) of rank r, degree d on a
Klein surface (M,σ).

• Let Mr,d
M be the moduli space of S-equivalence classes of semi-stable holo-

morphic structure on E. Atiyah-Bott computed the Poincaré polynomial

Pt(Mr,d
M ;Q) when Mr,d

M is smooth.

• Let Mr,d,τ
M,σ be moduli space of real/quaternionic S-equivalence classes of

semi-stable τ -compactible holomoprhic structures on (E, τ). Liu-Schaffhauser

computed the Poincaré polynomial Pt(Mr,d,τ
M,σ ;Z/2Z) whenMr,d,τ

M,σ is smooth.

3. The Yang-Mills equations over Riemann surfaces. (Atiyah-Bott, 1982)
Let E → M be a complex vector bundle of rank r, degree d over a Riemann

surface g ≥ 2. Let C be the space of (0, 1)-connections (holomorphic structures)
on E. There is a stratificaton C =

⋃
µ∈Ir,d Cµ, where Cµ is the space of holomor-

phic structures on E of Harder-Narasimhan type µ = (
d1
r1
, . . . ,

d1
r1︸ ︷︷ ︸

r1

, . . . ,
d`
r`
, . . . ,

d`
r`︸ ︷︷ ︸

r`

),

where ri ∈ Z>0, di ∈ Z,
∑
i ri = r,

∑
i di = d, d1

r1
> · · · > d`

r`
. A holomorphic

structure E is in Cµ if 0 ⊂ E0 ⊂ E1 ⊂ · · · ⊂ E` = E , where Ei/Ei−1 is a semi-stable
holomorphic vector bundle of rank ri, degree di over M . Let Css = C( dr ,..., dr ) be the

space of semi-stable holomorphic structure on E.) The gauge group GC = Aut(E)
acts on C, Cµ, and C∗ ⊂ GC acts trivially; GC := GC/C∗ acts on C, acts freely on
Cs ⊂ Css, where Cs is stable holomorphic structures. When r ∧ d = 1, Css = Cs,
Mr,d

M = Css/GC is a smooth projective variety over C, and

Pt(Mr,d
M ;Q) = PGC

t (Css;Q) = (1− t2)PGCt (Css;Q).

Atiyah-Bott obtained recursive formula for Pg(r, d) := PGCt (Css;Q) for any g ≥ 2,
r ∈ Z>0, d ∈ Z. Their method can be summarized in the following three steps.

(1) {Cµ : µ ∈ Ir,d} is a GC-equivariant perfect stratification over Q

PGCt (C;Q) =
∑
µ∈Ir,d

t2dµPGCt (Cµ;Q), dµ = rankCNCµ/C .

Key: eGC(NCµ/C) is not a zero divisor in H∗GC(Cµ;Q).

(2) The rational Poincaré series Qg(r) := PGCt (C;Q) = Pt(BGC;Q) of the clas-
sifying space BGC of the gauge group GC can be computed using certain
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cohomological Leray-Hirsch spectral sequences over Q. These spectral se-
quences collapse at the E2 term.

(3) µ =
( d1
r1
, . . . ,

d1
r1︸ ︷︷ ︸

r1

, . . . ,
d`
r`
, . . . ,

d`
r`︸ ︷︷ ︸

r`

)
∈ Ir,d ⇒ PGCt (Cµ;Q) =

∏`
i=1 Pg(ri, di).

(1)+(2)+(3) ⇒ Atiyah-Bott recursive formula

Pg(r, d) = Qg(r)−
∑

µ∈Ir,d−{( dr ,··· ,
d
r )}

t2dµ
∏̀
i=1

Pt(ri, di)

Zagier solved the above recursive formula and obtained a closed formula for Pg(r, d)
for any g ≥ 2, r ∈ Z>0, d ∈ Z.

4. The Yang-Mills Equations over Klein Surfaces. (Liu-Schaffhauser, 2011)
Let (E, τ) → (M,σ) be a real/quaternionic vector bundle of rank r, degree d

over a Klein surface (M,σ) of type (g, n, a), where g ≥ 2. τ induces involutions on

C, Cµ, GτC. GτC acts on Cτ , Cτµ, and R∗ = (C∗)τ ⊂ GτC acts trivially. GτC := GτC/R∗
acts on Cτ , acts freely on Cτs ⊂ Cτss, where Cτs is geometrically stable τ -compatible

holomorphic structures When r ∧ d = 1, Cτss = Cτs , Mr,d,τ
M,σ = Cτss/G

τ

C is a smooth
compact manifold, and

Pt(Mr,d,τ
M,σ ;Z2) = P

GτC
t (Cτss;Z2) = (1− t)PG

τ
C

t (Cτss;Z2).

Liu-Schaffhauser obtained a recursive formula for P τ
(g,n,a)(r, d) := P

GτC
t (Cτss;Z2)

for any (g, n, a), r, d, τ , (g ≥ 2). Similar to Atiyah-Bott, our method can be
summarized in three steps.

(1) {Cτµ : µ ∈ Iτr,d} is a GτC-equivariant perfect stratification over Z2

P
GτC
t (Cτ ;Z2) =

∑
µ∈Iτr,d

tdµP
GτC
t (Cτµ;Z2), dµ = rankR(NCτµ/Cτ ).

NCτµ/Cτ is real vector bundle which is not orientable in general

Key: eGτC (NCτµ/Cτ ) is not a zero divisor in H∗CC(Cτµ;Z2).

(2) The mod 2 Poincaré series Q τ
(g,n,a)(r) := P

GτC
t (Cτ ;Z2) = Pt(BGτC;Z2) of

the classifying space BGτC of the real/quaternionic gauge group GτC can be
computed using certain cohomological Leray-Hirsch spectral sequences over
Z2. These spectral sequences do not collapse at the E2 term in general, and
we need to compute all the higher differentials.

(3) µ =
( d1
r1
, . . . ,

d1
r1︸ ︷︷ ︸

r1

, . . . ,
d`
r`
, . . . ,

d`
r`︸ ︷︷ ︸

r`

; τ1, . . . , τ`

)
∈ Iτr,d

⇒ P
GτC
t (Cµ;Z2) =

∏`
i=1 P

τi
(g,n,a)(ri, di).

(1)+(2)+(3) ⇒ recursive formula

P τ
(g,n,a)(r, d) = Q τ

(g,n,a)(r)−
∑

µ∈Iτr,d−{(
d
r ,··· ,

d
r )}

tdµ
∏̀
i=1

P τi
(g,n,a)(ri, di).

Using Zagier’s method, we solved the above recursive formula and obtained a closed
formula P τ

(g,n,a)(r, d) for any (g, n, a), r, d, τ , (g ≥ 2).
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Real algebraic curves and Klein surfaces

Let X be an irreducible nonsingular projective curve defined over
R. Then M = X (C) is a compact connected Riemann surface
together with an anti-holomorphic involution σ : M → M. The
pair (M, σ) is a Klein surface.
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The topological type of a Klein surface

Felix Klein (1893). The topological type of a Klein surface
(M, σ) is classified by a triple (g , n, a), where

I g ∈ Z≥0 is the genus of M

I n ∈ Z≥0 is the number of connected components of Mσ

I a ∈ {0, 1} is the index of orientability:

a =

{
0 if M/σ is orientable,

1 if M/σ is nonorientable.

M/σ is a compact (orientable or nonorientable) surface (with or
without boudary)
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Real and quaternionic vector bundles: definitions

Atiyah (1966). A real (resp. quaternionic) holomorphic vector
bundle over a Klein surface (M, σ) is a pair (E , τ) with the
following properties.

1. There is a commutative diagram

E τ−−−−→ Ey y
M

σ−−−−→ M
2. E → M is a holomorphic vector bundle,

3. τ : E → E is anti-holomorphic,

4. τ : Ex → Eτ(x) is C-antilinear for any x ∈ M,

5. τ ◦ τ = IdE (resp. −IdE ).

Similary, one may define a real/quaternionic C∞ vector bundle
(E , τ) over (M, σ).
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Real and quaternionic vector bundles: topological types

Let (M, σ) be a Klein surface of type (g , n, a).
When n > 0, Mσ = γ1 ∪ · · · ∪ γn disjoint union of n circles
Biswas-Huisman-Hurtubise (2010)

(R) The topological type of a real vecor bundle (E , τR)→ (M, σ)
is classified by (r , d ,w (1), . . . ,w (n)), where r = rankE ∈ Z≥0,
d = deg E =

∫
[M] c1(E) ∈ Z, and

w (j) = w1(E τR
∣∣
γj

) ∈ H1(γj ,Z/2Z) ∼= Z/2Z

is the first Stiefel-Whitney class of the real vector bundle
E τR |γj of rank r over the j-th boundary circle γj .

Constraint: w (1) + · · ·w (n) ≡ d (mod 2)

(H) The topological type of a quaternionic vector bundle
(E , τH)→ (M, σ) is classified by (r , d)

Constraint:

{
d + r(g − 1) ≡ 0 (mod 2), n = 0

r ≡ d ≡ 0 (mod 2), n > 0
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Real and quaternionic vector bundles: stability conditions

Let (M, σ) be a Klein surface. The slope of a holomorphic vector

bundle E over M is µ(E) :=
deg E
rankE

. A real/quaternionic

holomorphic vector bundle (E , τ) over (M, σ) is

(1) stable if, for any non-trivial τ -invariant subbundle F ⊂ E ,
µ(F) < µ(E);

(2) semi-stable if, for any non-trivial τ -invariant subbundle
F ⊂ E , µ(F) ≤ µ(E);

(3) geometrically stable if, for any non-trivial subbundle F ⊂ E ,
µ(F) < µ(E);

(4) geometrically semi-stable if, for any non-trivial subbundle
F ⊂ E , µ(F) ≤ µ(E).

Apparently: (1)⇒(2), (3)⇒(4), (3)⇒(1), (4)⇒(2)
Schaffhauser (2010): (2)⇒ (4), (1) 6⇒ (3) (cf. Langton 1975)
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Real and quaternionic vector bundles: moduli spaces

Schaffhauser (2010)
Let (E , τ) be a semi-stable real/quaternionic holomorphic vector
bundle over (M, σ). A real/quaternionic Jordan-Hölder
filbration of (E , τ) is a filtration

0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek = E

by τ -invariant holomorphic subbundles, such that Ei/Ei−1 is stable
in the real/quaternionic sense.

gr(E , τ) :=
k⊕

i=1

Ei/Ei−1.

Two semi-stabe real/quaternionic holomorphic vector bundles
(E , τ) and (E ′.τ ′) are real/quaternionic S-equivalent if
gr(E , τ) ∼= gr(E ′, τ ′) as real/quaternionic holomorphic vector
bundles.
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Real and quaternionic vector bundles: moduli spaces

We fix a C∞ real/quaternionic vector bundle (E , τ) of rank r ,
degree d on a Klein surface (M, σ).

Let Mr ,d
M be the moduli space of S-equivalence classes of

semi-stable holomorphic structure on E .
Atiyah-Bott (1982) computed the Poincaré polynomial

Pt(Mr ,d
M ;Q) when Mr ,d

M is smooth.

Let Mr ,d ,τ
M,σ be moduli space of real/quaternionic S-equivalence

classes of semi-stable τ -compactible holomoprhic structures on
(E , τ).
L-Schaffhauser (2011) computed the Poincaré polynomial

Pt(Mr ,d ,τ
M,σ ;Z/2Z) when Mr ,d ,τ

M,σ is smooth.
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The Yang-Mills equations over Riemann surfaces (I)

Atiyah-Bott (1982) Let E → M be a complex vector bundle of
rank r , degree d over a Riemann surface g ≥ 2.
C = space of (0, 1)-connections (holomorphic structures) on E

C =
⋃
µ∈Ir,d

Cµ

where Cµ is the space of holomorphic structures on E of

Harder-Narasimhan type µ =
( d1
r1
, . . . ,

d1
r1︸ ︷︷ ︸

r1

, . . . ,
d`
r`
, . . . ,

d`
r`︸ ︷︷ ︸

r`

)
,

ri ∈ Z>0, di ∈ Z,
∑

i ri = r ,
∑

i di = d ,
d1
r1
> · · · > d`

r`
.

0 ⊂ E0 ⊂ E1 ⊂ · · · ⊂ E` = E

Ei/Ei−1 semi-stable, rank ri , degree di .
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The Yang-Mills equations over Riemann surfaces (II)

Css = C( d
r
,..., d

r
) = space of semi-stable holomorphic structure on E

The gauge group GC = Aut(E ) acts on C, Cµ.
C∗ ⊂ GC acts trivially.
GC = GC/C∗ acts on C, acts freely on Cs ⊂ Css
Cs : stable holomorphic structures

r ∧ d = 1⇒ Css = Cs
⇒Mr ,d

M = Css/GC is a smooth projective variety over C
Pt(Mr ,d

M ;Q) = PGCt (Css ;Q) = (1− t2)PGCt (Css ;Q).

Atiyah-Bott: recursive formula for

Pg (r , d) := PGCt (Css ;Q) for any g ≥ 2, r ∈ Z>0, d ∈ Z
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The Yang-Mills equations over Riemann surfaces (III)

(1) {Cµ : µ ∈ Ir ,d} is a GC-equivariant perfect stratification over Q

PGCt (C;Q) =
∑
µ∈Ir,d

t2dµPGCt (Cµ;Q), dµ = rankCNCµ/C .

Key: eGC(NCµ/C) is not a zero divisor in H∗GC(Cµ;Q).

(2) Qg (r) := PGCt (C;Q) = Pt(BGC;Q)

=

∏
j=1(1 + t2j−1)2g∏r

j=1(1− t2j)
∏r−1

j=1 (1− t2j)

Method: cohomological Leray-Hirsch spectral sequence over
Q. It collapses at the E2 term.

(3) µ =
( d1
r1
, . . . ,

d1
r1︸ ︷︷ ︸

r1

, . . . ,
d`
r`
, . . . ,

d`
r`︸ ︷︷ ︸

r`

)
∈ Ir ,d

PGCt (Cµ;Q) =
∏`

i=1 Pg (ri , di ).
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Recursive formula and closed formula

(1)+(2)+(3) ⇒ Atiyah-Bott recursive formula

Pg (r , d) = Qg (r)−
∑

µ∈Ir,d−{( dr ,··· ,
d
r
)}

t2dµ
∏̀
i=1

Pt(ri , di )

Zagier’s closed formula

Pg (r , d)

=
r∑

l=1

∑
r1,...,rl∈Z>0∑

ri=r

(−1)l−1
t2(

∑l−1
i=1 (ri+ri+1)〈(r1+···+ri )

d
r
〉+(g−1)

∑
i<j ri rj )∏l−1

i=1(1− t2(ri+ri+1))

l∏
i=1

∏ri
j=1(1 + t2j−1)2g(∏ri−1

j=1 (1− t2j)2
)

(1− t2ri )

where 〈x〉 = [x ] + 1− x denotes, for a real number x , the unique
t ∈ (0, 1] with x + t ∈ Z.
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The Yang-Mills equations over Klein surfaces (I)

L-Schaffhauser (2011) Let (E , τ)→ (M, σ) be a
real/quaternionic vector bundle of rank r , degree d over a Klein
surface (M, σ) of type (g , n, a), where g ≥ 2.

τ induces involutions on C, Cµ, GτC.
GτC acts on Cτ , Cτµ. R∗ = (C∗)τ ⊂ GτC acts trivially.

GτC = GτC/R∗ acts on Cτ , acts freely on Cτs ⊂ Cτss
Cτs : geometrically stable τ -compatible holomorphic structures

r ∧ d = 1⇒ Cτss = Cτs
⇒Mr ,d ,τ

M,σ = Cτss/G
τ
C is a smooth compact manifold,

Pt(Mr ,d ,τ
M,σ ;Z2) = P

GτC
t (Cτss ;Z2) = (1− t)P

GτC
t (Cτss ;Z2).

L-Schaffhauser: recursive formula for
P τ
(g ,n,a)(r , d) := P

GτC
t (Cτss ;Z2) for any (g , n, a), r , d , τ , (g ≥ 2)
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The Yang-Mills equations over Klein surfaces (II)

(1) {Cτµ : µ ∈ I τr ,d} is a GτC-equivariant perfect stratification over
Z2

P
GτC
t (Cτ ;Z2) =

∑
µ∈I τr,d

tdµP
GτC
t (Cτµ;Z2), dµ = rankR(NCτµ/Cτ ).

NCτµ/Cτ is real vector bundle which is not orientable in general

Key: eGτC (NCτµ/Cτ ) is not a zero divisor in H∗GC(Cτµ;Z2).

(2) Q τ
(g ,n,a)(r) := P

GτC
t (Cτ ;Z2) = Pt(BGτC;Z2)

The real case:

Q τR
(g ,n,a)(r) =

∏r
j=1(1 + t2j−1)g−n+1

∏r−1
j=1 (1 + t j)n

∏r
j=1(1 + t j)n∏r−1

j=1 (1− t2j)
∏r

j=1(1− t2j)
.
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The Yang-Mills connections over Klein surfaces (III)

The quaternionic case:
n=0

Q τH
(g ,0,1)(r) =

∏r
j=1(1 + t2j−1)g+1∏r−1

j=1 (1− t2j)
∏r

j=1(1− t2j)
.

n > 0 (⇒ r = 2r ′ even)

Q τH
(g ,n,a)(2r ′) =

∏2r ′

j=1(1 + t2j−1)g
∏r ′

j=1(1 + t4j−1)∏2r ′−1
j=1 (1− t2j)

∏r ′

j=1(1− t4j)
.

Method: cohomological Leray-Hirsch spectral sequence over
Z2. It does not collapose at the E2 term.

(3) µ =
( d1
r1
, . . . ,

d1
r1︸ ︷︷ ︸

r1

, . . . ,
d`
r`
, . . . ,

d`
r`︸ ︷︷ ︸

r`

; τ1, . . . , τ`

)
∈ I τr ,d

P
GτC
t (Cµ;Q) =

∏`
i=1 P

τi
(g ,n,a)(ri , di ).
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Recursive formula and closed formula

(1)+(2)+(3) ⇒ recursive formula

P τ
(g ,n,a)(r , d) = Q τ

(g ,n,a)(r)−
∑

µ∈I τr,d−{(
d
r
,··· , d

r
)}

tdµ
∏̀
i=1

P τi
(g ,n,a)(ri , di ).

Closed formula for the n = 0, real case:

P τR
(g ,0,1)(r , 2d)

=
r∑

l=1

∑
r1,...,rl∈Z>0∑

ri=r

(−1)l−1
t2(

∑l−1
i=1 (ri+ri+1)〈(r1+···+ri )(

d
r
)〉)∏l−1

i=1(1− t2(ri+ri+1))
t(g−1)

∑
i<j ri rj

l∏
i=1

∏ri
j=1(1 + t2j−1)g+1∏ri

j=1(1− t2j)
∏ri−1

j=1 (1− t2j)
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Closed formula for the n = 0, quaternionic case

P τH
(2g ′−1,0,1)(r , 2d)

=
r∑

l=1

∑
r1,...,rl∈Z>0∑

ri=r

(−1)l−1
t2

∑l−1
i=1 (ri+ri+1)〈(r1+···+ri )(

d
r
)〉∏l−1

i=1(1− t2(ri+ri+1))
t(2g

′−2)
∑

i<j ri rj

l∏
i=1

∏ri
j=1(1 + t2j−1)2g

′∏ri
j=1(1− t2j)

∏ri−1
j=1 (1− t2j)

P τH
(2g ′,0,1)(r , 2d + r)

=
r∑

l=1

∑
r1,...,rl∈Z>0∑

ri=r

(−1)l−1
t2

∑l−1
i=1 (ri+ri+1)〈(r1+···+ri )(

d
r
)〉∏l−1

i=1(1− t2(ri+ri+1))
t(2g

′−1)
∑

i<j ri rj

l∏
i=1

∏ri
j=1(1 + t2j−1)2g

′+1∏ri
j=1(1− t2j)

∏ri−1
j=1 (1− t2j)
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Closed formula for the n > 0, real case

P τR
(g ,n,a)(r , d)

=
r∑

l=1

∑
r1,...,rl∈Z>0∑

ri=r

(−1)l−1
t
∑l−1

i=1 (ri+ri+1)〈(r1+···+ri )(
d
r
)〉∏l−1

i=1(1− tri+ri+1)
t(g−1)

∑
i<j ri rj

·2(n−1)(l−1)
l∏

i=1

∏ri
j=1(1 + t2j−1)g−n+1

(∏ri−1
j=1 (1 + t j)2n

)
(1 + tri )n∏ri

j=1(1− t2j)
∏ri−1

j=1 (1− t2j)

Closed formula for the n > 0, quaternionic case

P τH
(g ,n,a)(2r , 2d)

=
r∑

l=1

∑
r1,...,rl∈Z>0∑

ri=r

(−1)l−1
t4

∑l−1
i=1 (ri+ri+1)〈(r1+···+ri )(

d
r
)〉∏l−1

i=1(1− t4(ri+ri+1))
t4(g−1)

∑
i<j ri rj

l∏
i=1

∏2ri
j=1(1 + t2j−1)g

∏ri
j=1(1 + t4j−1)∏2ri−1

j=1 (1− t2j)
∏ri

j=1(1− t4j)
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