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1. Real algebraic curves and Klein surfaces. Let X be an irreducible non-
singular projective curve defined over R. Then M = X (C) is a compact connected
Riemann surface together with an anti-holomorphic involution o : M — M. The
pair (M, o) is a Klein surface. Klein proved that the topological type of a Klein
surface (M, o) is classified by a triple (g,n,a), where g € Z>¢ is the genus of M,
n € Zx>q is the number of connected components of M, the fixed locus of the
involution o, and a € {0, 1} is the index of orientability: a = 0 if M /o is orientable,
a = 1 if M/o is nonorientable. M /o is a compact (orientable or nonorientable)
surface (with or without boudary).

2. Real and quaternionic vector bundles. Followng Atiyah, a real (resp.
quaternionic) holomorphic vector bundle over a Klein surface (M, o) is a pair (€, 1)
with the following properties.

(1) There is a commutative diagram

E "1 ¢

Lo

M —"— M
(2) £ — M is a holomorphic vector bundle,
(3) 7:& — €& is anti-holomorphic,

(4) 7: & — Er(a) is C-antilinear for any x € M,

(5) Tor =1Idg (resp. —Idg).

Similary, one may define a real/quaternionic C* vector bundle (E, ) over (M, o).

The topological types of a real/quaternionic C°° vector bundle determined by
Biswas-Huisman-Hurtubise. Let (M, o) be a Klein surface of type (g,n,a). When
n>0, M7=~ U---Ur, is a disjoint union of n circles.

(R) The topological type of a real vecor bundle (E, ) — (M, o) is classified by
(r,d,w™M, ... w™), where r = rankE € Z>¢, d = deg E = f[M] (k) ez,
and wl) = wl(EﬂR|w) € H'(v,,Z/2Z) = 7./2Z.

Constraint: w® + .- w™ = d (mod 2)
(H) The topological type of a quaternionic vector bundle (E,my) — (M, o) is
classified by (r,d)
d+r(g—1)=0 (mod 2), n=0
r=d=0 (mod 2), n>0
Let (M, o) be a Klein surface. Recall that the slope of a holomorphic vector

bundle £ over M is p(€) = faengk%. A real/quaternionic holomorphic vector bundle
(€,7) over (M,0) is

(1) stable if, for any non-trivial 7-invariant subbundle F C &, u(F) < u(€);

(2) semi-stable if, for any non-trivial T-invariant subbundle F C &, u(F) <

w(E&);

Constraint: {
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(3) geometrically stable if, for any non-trivial subbundle F C &, u(F) < u(€);
(4) geometrically semi-stable if, for any non-trivial subbundle F C &, u(F) <
u(€).
Apparently, (1)=-(2), (3)=(4), (3)=-(1), (4)=(2). Schafthauser showed that (2)=
(4), (1)# (3) (see also Langton).

Following Schaffhauser, let (£, 7) be a semi-stable real/quaternionic holomorphic
vector bundle over (M, o). A real/quaternionic Jordan-Holder filbration of (€,7) is a
filtration 0 =&y C & C -+ - C & = £ by 7-invariant holomorphic subbundles, such
that &£;/&;—_1 is stable in the real/quaternionic sense. Let gr(&,7) := @le Ei/Eiq.
Two semi-stabe real/quaternionic holomorphic vector bundles (£, 7) and (€.7") are
real/quaternionic S-equivalent if gr(€, ) = gr(€’, 7’) as real/quaternionic holomor-
phic vector bundles.

We fix a C'° real/quaternionic vector bundle (E,7) of rank r, degree d on a
Klein surface (M, o).

o Let M?\f be the moduli space of S-equivalence classes of semi-stable holo-
morphic structure on E. Atiyah-Bott computed the Poincaré polynomial
Pt(/\/lg’/[d; Q) when Mgf is smooth.

o Let M;wd; be moduli space of real/quaternionic S-equivalence classes of
semi-stable T-compactible holomoprhic structures on (E, 7). Liu-Schaffhauser
computed the Poincaré polynomial Pt(./\/l?\’/;f’;; Z/27) when MR;; is smooth.

3. The Yang-Mills equations over Riemann surfaces. (Atiyah-Bott, 1982)
Let E — M be a complex vector bundle of rank r, degree d over a Riemann
surface g > 2. Let C be the space of (0,1)-connections (holomorphic structures)
on E. There is a stratificaton C = | C,, where C, is the space of holomor-
phic structures on E of Harder-Narasimhan type p = (ﬂ, ce @, e, @, cel, @),
1 ™1 Te Te

pel, q

T1 Te
where 7, € Zso, di € Z, Y ;s =1, >, d; = d, ‘f—i > e > %’. A holomorphic
structure £ isin C, if 0 C & C & C -+ C & = &, where &;/&;_1 is a semi-stable
holomorphic vector bundle of rank r;, degree d; over M. Let Css = C(%,...,%) be the
space of semi-stable holomorphic structure on E.) The gauge group Gc = Aut(E)
acts on C, Cy, and C* C Gc acts trivially; Ge := Gc/C* acts on C, acts freely on
Cs C Css, where Cy is stable holomorphic structures. When r Ad = 1, Css = Cg,
M;’/[d = C,s/Gc is a smooth projective variety over C, and

P(M}i:Q) = PP (Cosi Q) = (1~ )P (Cas; Q).
Atiyah-Bott obtained recursive formula for P,(r,d) := P (C,s; Q) for any g > 2,
r € Z~q, d € Z. Their method can be summarized in the following three steps.
(1) {Cy : p € I, 4} is a Ge-equivariant perfect stratification over Q
PP(C;Q) = Z th“Ptg‘c(Cu;Q), d,, = rankcNe, /c-
IJ‘EI'F,d
Key: eg.(Ne, /c) is not a zero divisor in H§_(Cy; Q).

(2) The rational Poincaré series Q,(r) := PY(C; Q) = P,(BGc; Q) of the clas-
sifying space BGc¢ of the gauge group G¢ can be computed using certain
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cohomological Leray-Hirsch spectral sequences over Q. These spectral se-

quences collapse at the Fy term.
d d d d
(3)111’:(7177717’7[’ e>617'd:>Pg (CMaQ) Hlepg('ri,di)-

1 ™1 Te 7"4

T1 Te

(1)+(2)+(3) = Atiyah-Bott recursive formula

¢
By(rd) = Qq(r) — > 2 [[ Polri, i)
pel a—{(4,,4)} i=1
Zagier solved the above recursive formula and obtained a closed formula for Py(r,d)
forany g > 2, r € Z~q, d € Z.

4. The Yang-Mills Equations over Klein Surfaces. (Liu-Schaffhauser, 2011)

Let (E,7) — (M,0) be a real/quaternionic vector bundle of rank r, degree d
over a Klein surface (M, o) of type (g,n,a), where g > 2. 7 induces involutions on
C, Cu, GE. G acts on C7, CF, and R* = (C*)” C GF acts trivially. G := GZ/R*
acts on C7, acts freely on CT C CI,, where CTis geometrically stable 7-compatible
holomorphic structures When » Ad = 1, CI, = C7, M?wd; = C7,/Ge is a smooth
compact manifold, and

PUMGET: Z0) = PIE(CT5Z0) = (1 — £) P (CLs Zo).

Gz (o
Liu-Schaffhauser obtained a recursive formula for P J (r,d) := P (C,; Z2)

for any (g,n,a), r, d, 7, (¢ > 2). Similar to Atiyah-Bott, our method can be
summarized in three steps.

(1) {CT tp € IT 4} is a Gl-equivariant perfect stratification over Zo

T. d, G& _
C ZQ Z 1o PC CT 2), dM = rankR(NCZ;/CT).
nel’ , d
NC; /¢~ is real vector bundle which is not orientable in general
Key: egz (Ney er) is not a zero divisor in Hg (CJl; Zz).
(2) The mod 2 Poincaré series Q7 , (1) = PtgC (C™;Zy) = P,(BG{;Zs) of
the classifying space BG{ of the real/quaternionic gauge group G¢ can be
computed using certain cohomological Leray-Hirsch spectral sequences over

Zs. These spectral sequences do not collapse at the F5 term in general, and
we need to compute all the higher differentials.

d d d d
(3) u:(i7... i’..,’—z,...,r—j;ﬁ,...,n) S

T T
7‘1 e
Ptg ( Hz 1P(qﬂna (rudi)-
(1)+(2)+(3) = recursive formula
Plgma) (1) = Qg n,a) (1) = > HP (gm.a) (Tir @
pell —{(% )y =L

Using Zagier’s method, we solved the above recursive formula and obtained a closed

formula P 7 a)(r, d) for any (g,n,a), r, d, 7, (g > 2).
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Real algebraic curves and Klein surfaces

Let X be an irreducible nonsingular projective curve defined over
R. Then M = X(C) is a compact connected Riemann surface
together with an anti-holomorphic involution ¢ : M — M. The

pair (M, o) is a Klein surface.
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The topological type of a Klein surface

Felix Klein (1893). The topological type of a Klein surface
(M, o) is classified by a triple (g, n, a), where
> g € Z> is the genus of M
> n € Z>g is the number of connected components of M?
» a € {0,1} is the index of orientability:

~J0 if M/o is orientable,
~ |1 if M/o is nonorientable.

M /o is a compact (orientable or nonorientable) surface (with or
without boudary)
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Real and quaternionic vector bundles: definitions

Atiyah (1966). A real (resp. quaternionic) holomorphic vector
bundle over a Klein surface (M, o) is a pair (€, 7) with the
following properties.

-
e

g

&
1. There is a commutative diagram l
M —

T —— M

2. & = M is a holomorphic vector bundle,
3. 7:& — & is anti-holomorphic,
4. 7 E — &;(x) is C-antilinear for any x € M,

o

TOT = IdE (resp. —IdE).

Similary, one may define a real/quaternionic C* vector bundle
(E,T) over (M,0).
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Real and quaternionic vector bundles: topological types

Let (M, o) be a Klein surface of type (g, n, a).
When n > 0, M? =~ U--- Uy, disjoint union of n circles
Biswas-Huisman-Hurtubise (2010)
(R) The topological type of a real vecor bundle (E, ) — (M, o)
is classified by (r,d, w(), ... w("), where r = rankE € Z,,
d =degE = f[M] a(é) ez, and
w) = wi(E™| ) € H'(y;,2/2Z) = Z/2Z
is the first Stiefel-Whitney class of the real vector bundle
E™®|,, of rank r over the j-th boundary circle ;.
Constraint: w(!) + ... w(") = d (mod 2)
(H) The topological type of a quaternionic vector bundle
(E, ) — (M, 0) is classified by (r, d)
d+r(g—1)=0(mod2), n=0

Constraint:
r=d=0 (mod 2), n>0
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Real and quaternionic vector bundles: stability conditions

Let (M, o) be a Klein surface. The slope of a holomorphic vector

bundle £ over M is p(&) == deg £

holomorphic vector bundle (&€, 1) over (M, o) is

. A real/quaternionic

(1) stable if, for any non-trivial T-invariant subbundle F C &,
u(F) < u(€);

(2) semi-stable if, for any non-trivial 7-invariant subbundle
FC& wF)<ué);

(3) geometrically stable if, for any non-trivial subbundle F C &,
u(F) < u(€);

(4) geometrically semi-stable if, for any non-trivial subbundle
F & wF) <)

Apparently: (1)=(2), (3)=(4), (3)=(1), (4)=(2)
Schaffhauser (2010): (2)= (4), (1)# (3) (cf. Langton 1975)
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Real and quaternionic vector bundles: moduli spaces

Schaffhauser (2010)

Let (£, 7) be a semi-stable real/quaternionic holomorphic vector
bundle over (M, o). A real/quaternionic Jordan-Hélder
filbration of (£, 7) is a filtration

0=&Ccé&E C---CcéE=€&

by 7-invariant holomorphic subbundles, such that &;/&;_1 is stable
in the real/quaternionic sense.

K
gr(&,7) = @5:'/5;—1-
i=1

Two semi-stabe real/quaternionic holomorphic vector bundles
(€,7) and (£'.7) are real/quaternionic S-equivalent if
gr(&,7) = gr(&',7') as real/quaternionic holomorphic vector
bundles.
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Real and quaternionic vector bundles: moduli spaces

We fix a C*° real/quaternionic vector bundle (E, 7) of rank r,
degree d on a Klein surface (M, o).

Let M;\;,d be the moduli space of S-equivalence classes of
semi-stable holomorphic structure on E.

Atiyah-Bott (1982) computed the Poincaré polynomial
Pi(M7: Q) when M} is smooth.

Let Mr dT be moduli space of real/quaternionic S-equivalence
classes of semi-stable T-compactible holomoprhic structures on
(E,T).

L-Schaffhauser (2011) computed the Poincaré polynomial
Pe(MyyoT: 2,/2Z) when My is smooth.
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The Yang-Mills equations over Riemann surfaces (I)

Atiyah-Bott (1982) Let E — M be a complex vector bundle of
rank r, degree d over a Riemann surface g > 2.
C = space of (0, 1)-connections (holomorphic structures) on E

c=J ¢,
,U'elr,d
where C,, is the space of holomorphic structures on E of

Harder-Narasimhan type p = (%, o ﬁ, @ @),
1

, ey Ty
rn re re
" o
di d
ti € Z~g, di € Z, Zir,-:r, Zid,':d, T>"'>TK.
1 4

OcécéEc---cqE=E

Ei/Ei—1 semi-stable, rank r;, degree d;.
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The Yang-Mills equations over Riemann surfaces (I1)

Cos = C(g 4y = space of semi-stable holomorphic structure on E

The gauge group Gc = Aut(E) acts on C, C,,.
C* c G© acts trivially.

Gc = Gc/C* acts on C, acts freely on Cs C Cas
Cs: stable holomorphic structures

r/\d:1:>6557:CS
= M;\’ﬂd = Css/Gc is a smooth projective variety over C

P MG Q) = PPE(Cai @) = (1~ 2)PY°(Csxi Q).

Atiyah-Bott: recursive formula for

Pg(r,d) = PIC(Css; Q) forany g > 2, r € Zsg, d € Z
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The Yang-Mills equations over Riemann surfaces (lII)

(1) {Cy:p € I g4} is a Ge-equivariant perfect stratification over Q
PIE(CQ) = Y 2% PE(CiQ),  dy = rankcNe, sc.
HEIl 4
Key: eg.(Ne,/c) is not a zero divisor in Hg_(Cy; Q).
(2) Qglr) = PF°(C: Q) = Pi(BGc; Q)
B []_,(1+t¥71)%
T — ) [T - )
Method: cohomological Leray-Hirsch spectral sequence over
Q. It collapses at the E, term.

d d d d
(nu:(i,”fam,ﬁuwl)ehd
r n re re

n re

P (Ci Q) = [Tizy Pe(ris o).
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Recursive formula and closed formula

(1)4+(2)+(3) = Atiyah-Bott recursive formula

Pe(r,d) = Qg(r) - Z £2 H Pe(ri, d;)

pela—{(2,~,9)} i=1
Zagier's closed formula
Pg(r,d)
1 P20 () (- 4r) D+ —1) Xiey riny)

=2 2 D [[1(1 - etn)

I=1 r,....,1€Z>o0
ri=r

B N i

11 (M= - y) (@ - e0)

where (x) = [x] + 1 — x denotes, for a real number x, the unique
t € (0,1] with x+ ¢t € Z.
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The Yang-Mills equations over Klein surfaces (1)

L-Schaffhauser (2011) Let (E,7) — (M, 0) be a
real /quaternionic vector bundle of rank r, degree d over a Klein
surface (M, o) of type (g, n, a), where g > 2.

7 induces involutions on C, C,;, G¢..

Ggactson C7, C. R* = (C*)™ C G acts trivially.

Gc = GEL/R* acts on C7, acts freely on CI C CL

CI: geometrically stable 7-compatible holomorphic structures

rhd=1=CL =C]
= M;V,d; = CL /QC is a smooth compact manifold,

P MG To) = PYE(CL: Z) = (1 — )P (CLai Za)-

L-Schaffhauser: recurswe formula for

P(gna)(r d) = P (CT Zy) for any (g, n,a), r, d, 7, (g > 2)
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The Yang-Mills equations over Klein surfaces (I1)

(1) {C} : w€ I} is a Gi-equivariant perfect stratification over
7

PICTiZ0) = S t%PI(CliZ0),  dy = rankg(Neg jcr).

,u,elr'r,d
NCE/CT is real vector bundle which is not orientable in general
Key: egz(Ner/cr) is not a zero divisor in Hg (CJl; Z2).

gT

(2) QQ po)(r) = PEE(CT: Z0) = P(BGE: Zo)
The real case:
o _1 . .
o (2 Dl 97D I O T, 00 6)
(g,n,a) ij;ll(l — t%) ijzl(l — t2%)
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The Yang-Mills connections over Klein surfaces (I1)

The quaternionic case:
n=0

[[y(1+ e 1)st!
H};(l =) [ (1 - t2)

n>0 (= r=2r even)

o ) = LAl L e )
e T - )L -)

Method: cohomological Leray-Hirsch spectral sequence over
Zy. It does not collapose at the E, term.

d d d d
o= (71 1 4 4 ) el

ey Ty ey Ty, Ty, TY
n rn re re

Qeon(r) =

rn re

G¢ T
PtC(Cu;Q):H P(gna)(r,-,d,-).
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Recursive formula and closed formula

(1)4+(2)+(3) = recursive formula

14

P(;’n’a)(r7 d) = Q(;—’nva)(r) o Z td# H P(;’;n,a)(ri’ d’)

pell—{(4,~,9)} =1
Closed formula for the n = 0, real case:

P(;?*Oal)(r, 2d)

1 201 (riri) () (9)))

— _1y (g-1) i riny
Z Z (=1) Hl_l(l — t2rit+rin)) ‘ -

I=1 n,....,1€EZ>o i=1
S ri=r
i i f—
11 [17,(1+ e 1)sH
i i i—1 i
i [ (L= ) [T (1 — t%)
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Closed formula for the n = 0, quaternionic case

Piag—1,0.1)(r:2d)
r L 12 St (ritripa){(n+n)(9))

= —1)- (28'=2) % rifj
Z Z (=1) Hﬁ;i(l_t2(ri+n+1)) t o

I (1 1y
H Hr' 1 1 - tzj)HJ,11(1 — t¥)

i=1 J

p (r,2d +r)

(2g’ 0,1)
1 #2 Zf;ll(f;+ri+1)((f1+"'+fi)(%)>

—1)'~ t(2g,_1)2i j it
Z Z (=1) Hf;%(l — t2(fi+ri+1)) )

I=1 r,....,1€EZ>0
S ri=r

/ Hj 1(1—|—1.'2J 1)2g+1

11 [T/, (1 — ) [T/ (1 — 2%)

i=1
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Closed formula for the n > 0, real case
P(QRn 5 d)
| 1th-;l(fi-Hiﬂ)((f1+"'+fi)(%))

= —1)'~ t(gfl)Z,- i rirj
Z 2. 1 [T (1 — eritrien) -

=1 I‘1,...7r/EZ>0 i=1
ri=r

O (Hf’:_ll(l + tf)2”> (1+ t7)"

I
2(n=1)(I-1) H J= : _ — :
-1 [T (1= )5 QA —t%)
Closed formula for the n > 0, quaternionic case
p (2r, 2d)

(g,n,a)
, [ TR )
- —1)- T iy 11
/z; : X/;Z 0( ) [T/Zi(1 — ¢4ritria)) J
=1r,.,nEZ> =

; H2r' (1- tzj)szl(l_t4j)

i=1
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